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Abstract. We will simplify earlier proofs of Perelman's col- 
lapsing theorem for 3-manifolds given by Shioya-Yamaguchi 
|S Y00j - [5Y05] and Morgan-Tian |MT08j . A version of Perel- 
man's collapsing theorem states: "Let {M^} be a sequence 
of compact Riemannian 3-manifolds with curvature bounded 
from below by (—1) and diam(M?) > cq > 0. Suppose that 
all unit metric balls in Mf have very small volume at most 
as i oo and suppose that either Mf is closed or 
has possibly convex incompressible toral boundary. Then Mf 
must be a graph-manifold for sufficiently large i ". This result 
can be viewed as an extension of the implicit function theo- 
rem. Among other things, we apply Perelman's critical point 
theory (e.g., multiple conic singularity theory and his fibra- 
tion theory) to Alexandrov spaces to construct the desired 
local Seifert fibration structure on collapsed 3-manifolds. 

The verification of Perelman's collapsing theorem is the 
last step of Perelman's proof of Thurston's Geometrization 
Conjecture on the classification of 3-manifolds. A version of 
Geometrization Conjecture asserts that any closed 3-manifold 
admits a piecewise locally homogeneous metric. Our proof 
of Perelman's collapsing theorem is accessible to advanced 
graduate students and non-experts. 
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0. Introduction 

In this paper, we present a simple proof of Perelman's collapsing the- 
orem for 3-manifolds (cf. Theorem 7.4 of |Per03a] ). which Perelman 
used to verify Thurston's Geometrization Conjecture on the classifica- 
tion of 3-manifolds. 

0. 1. Statement of Perelman's collapsing theorem and the main 
difficulties in its proof. 

Theorem 0.1 (Perelman's Collapsing Theorem). Let {{M^^ g'^-)} a& 
he a sequence of compact oriented Riemannian 3-manifolds, closed or 
with convex incompressible toral boundary, and let {cUq,} be a sequence 
of positive numbers with Wq, — )■ 0. Suppose that 

(1) for each x G there exists a radius p = pa{x), < p < 

1, not exceeding the diameter of the manifold, such that the metric 
ball Bgc (x, p) in the metric g°j has volume at most cOaP^ and sectional 
curvatures of g^j at least — p^^; 

(2) each component of toral boundary of has diameter at most 
uja, and has a topologically trivial collar of length one and the sectional 
curvatures of are between (— ^ — e) and (— | + e). 

Then, for sufficiently large a, is diffeomorphic to a graph-manifold. 

If a 3-manifold admits an almost free circle action, then we say 
that admits a Seifert fibration structure or Seifert fibred. A graph- 
manifold is a compact 3-manifold that is a connected sum of manifolds 
each of which is either diffeomorphic to the solid torus or can be cut 
apart along a finite collection of incompressible tori into Seifert fibred 
3-manifolds. 



Perelman indeed listed an extra assumption (3) in Theorem 0.1 
above. However, Perelman (cf. page 20 of |Per03a] ) also pointed out 
that, if the proof of his stability theorem (cf. |Kap07| ) is available, 
then his extra smoothness assumption (3) is in fact redundant. 



The conclusion of Theorem 0.1 fails if the assumption of toral bound- 



ary is removed. For instance, the product 3-manifold S"^ x [0, 1] of a 
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2-sphere and an interval can be collapsed while keeping curvatures non- 
negative. However, = S"^ x [0, 1] is not a graph-manifold. 

Under an assumption on both upper and lower bound of curvatures 
— ^ < curvj^fs < ^, the collapsed manifold above admits an F- 
structure of positive rank, by the Cheeger-Gromov collapsing theory 
(cf. |CG90j ). It is well-known that a 3-manifold admits an F- 
structure of positive rank if and only if is a graph-manifold, (cf. 
Rong93| ). 



On page 153 of jSY05] . Shioya and Yamaguchi stated a version of 



Theorem 0.1 above for the case of closed manifolds, but their proof 



works for case of manifolds with incompressible convex toral boundary 



as well. Morgan and Tian |MT08j presented a proof of Theorem 0.1 



without assumptions on diameters but with Perelman's extra smooth- 
ness assumption (3) which we discuss below. 

It turned out that the diameter assumption is related to the study 
of diameter-collapsed 3-manifolds with curvature bounded from below. 
To see this relation, we state a local re-scaled version of Perelman's 



collapsing Theorem 0.1 



Theorem 0.1'. (Re-scaled version of Theorem 0.1) Let { (M^, (7^")}agz 



be and let {ua} be a sequence of positive numbers as in Theorem 0.1 



above, Xa € and pa = Pa{xa)- Suppose that there exists a re- 
scaled family of pointed Riemannian manifolds {{{M^, p~'^gfj),Xa)}a£Z 
satisfying the following conditions: 

(i) The re-scaled Riemannian manifold {M^, p~'^g°j) has curv > — 1 
on the ball B-2^c (xa, 1); 

Pa Hij ^ 

(ii) The diameters of the re-scaled manifolds {{M^, p~'^g°'j)} are uni- 
formly bounded from below by 1; i.e.; 

diam(M^,p-\^5.)>l (0.1) 

(iii) The volumes of unit metric balls collapse to zero, i.e.: 

Vol[5 -2 „ (x„, 1)] < ^ 0, 

as a — 7- oo. 

Then, for sufficiently large a, the collapsing 3-manifold is a 
graph-manifold. 

Without inequality ( |0.1 ) above, the volume-collapsing 3-manifolds 
could be diameter-collapsing. Perelman's condition (0.1) ensures that 
the normalized family {{M^, p~'^g°j)} can not collapse to a point uni- 
formly. By collapsing to a point uniformly, we mean that there is 
an additional family of scaling constants {Xa} such that the sequence 
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{(M^, Xadij)} is convergent to a 3-dimensional (possibly singular) man- 
ifold with non-negative curvature. Professor Karsten Grove kindly 
pointed out that the study of diameter-collapsing theory for 3-manifolds 
might be related to a weak version of the Poincare conjecture. For this 
reason, Shioya and Yamaguchi made the following conjecture. 

Conjecture 0.2 (Shioya- Yamaguchi |SY00j page 4). Suppose that 
is a 3-dimensional compact, simply- connected, non-negatively curved 
Alexandrov space without boundary and that Y^ is a topological mani- 
fold. Then Y^ is homeomorphic to a sphere. 



Shioya and Yamaguchi ( |S YOO] . page 4) commented that if Conjec- 



ture 0.2 is true then the study of collapsed 3-manifolds with curvature 



bounded from below would be completely understood. They also observed 



that Conjecture 0.2 is true for a special case when the closed (possibly 
singular) manifold Y^ above is a smooth Riemannian manifold with 
non-negative curvature; this is due to Hamilton's work on 3-manifolds 
with non-negative Ricci curvature (cf. |Ham86j ). 

Coincidentally, Perelman added the extra smoothness assumption 
(3) in his collapsing theorem. 

Perelman's Smoothness Assumption 0.3 (cf. |Per03a] ) . For every 
w' > there exist r = r{w') > and constants Km = Km{w') < oo for 
m = 0, 1, 2, ■ ■ ■ , such that for all a sufficiently large, and any < r < f, 
if the ball Bg^{x, r) has volume at least w'r^ and sectional curvatures at 
least — r~^, then the curvature and its m-th order covariant derivatives 
at X are bounded by K^r'"^ and Kmr~"^~^ form = 1, 2, ■ ■ ■ , respectively. 

Let us explain how Perelman's Smoothness [Assumption 0.3| is related 



Conjecture 0.2 and let {{{M^, p^'^gfXxa)} 



to the smooth case of 
be as in Theorem 0.1'. If we choose the new scaling factor such 
that A^/p~^ — )■ +00 as a — )■ oo, then the newly re-scaled metric 
X^gfj will have sectional curvature > — ^ — as a — i- oo. Sup- 
pose that (i^oojZ/oo) is a pointed Gromov-Hausdorff limit of a subse- 
quence of {((M^, A^(7j"), a;a)}oez- Then the limiting metric space Fqo 
will have non-negative curvature and a possibly singular metric. When 



dim[yoo] = 3, by Perelman's Smoothness Assumption 0.3, the limit- 



ing metric space Yoo is indeed a smooth Riemannian manifold of non- 



negative curvature. In this smooth case. Conjecture 0.2 is known to be 
true, (see |Ham86j ). 

For simplicity, we let gfj = p^^g^ be as in Theorem 0.1'. By Gro- 
mov's compactness theorem, there is a subsequence of a pointed Rie- 
mannian manifolds {((M^, ^^■), x^)} convergent to a lower dimensional 
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pointed space (X^,Xoo) of dimension either 1 or 2, i.e.: 

1 < dim[X^] < 2 (0.2) 



using (0.1 ). To establish Theorem 0.1 , it is important to estabhsh that 



for sufficiently large a, the collapsed manifold has a decomposition 
= UiUa,i such that each j admits an almost-free circle action: 

We also need to show that these almost-free circle actions are compat- 
ible (almost commute) on possible overlaps. 

Let us first recall how Perelman's collapsing theorem for 3-manifolds 
plays an important role in his solution to Thurston's Geometrization 
Conjecture on the classification of 3-manifolds. 

0.2. Applications of collapsing theory to the classification of 
3-manifolds. 

In 2002-2003, Perelman posted online three important but densely 
written preprints on Ricci flows with surgery on compact 3-manifolds 
( |Per02] . |Per03aj and [Per03bj ). in order to solve both the Poincare 
conjecture and Thurston's conjecture on Geometrization of 3-dimensional 
manifolds. Thurston's Geometrization Conjecture states that "for any 
closed, oriented and connected 3-manifold M^, there is a decomposition 
[M^ - U E^] = NfuNi ■■■UN^ such that each Nf admits a locally ho- 
mogeneous metric with possible incompressible boundaries where S| 
is homeomorphic to a quotient of a 2-sphere or a 2 -torus" . There are 
exactly 8 homogeneous spaces in dimension 3. The list of 3-dimensional 
homogeneous spaces includes 8 geometries: M?^ H^, S'^, x M, x M, 
£rL(2,M), Nil and Sol. 

Thurston's Geometrization Conjecture suggests the existence of es- 
pecially nice metrics on 3-manifolds and consequently, a more analytic 
approach to the problem of classifying 3-manifolds. Richard Hamilton 
formalized one such approach by introducing the Ricci flow equation 
on the space of Riemannian metrics: 

^ = -2Ric(^(t)) (0.3) 

where 'Ric{g{t)) is the Ricci curvature tensor of the metric g{t). Be- 
ginning with any Riemannian manifold (M, ^fo), there is a solution g{t) 
of this Ricci flow on M for t in some interval such that g{Q) = go. In 
dimension 3, the flxed points (up to re-scaling) of this equation include 
the Riemannian metrics of constant Ricci curvature. For instance, they 
are quotients of M^, M.^ and up to scaling factors. It is easy to see 
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that, on compact quotients of or M.^, the solution to Ricci flow equa- 
tion is either stable or expanding. Thus, on compact quotients of 
and H^, the solution to Ricci flow equation exists for all time t > 0. 

However, on quotients of x M or S^, the solution {g{t)} to Ricci 
flow equation exists only for finite time t < Tq. Hence, one knows that 
in general the Ricci flow will develop singularities in finite time, and 
thus a method for analyzing these singularities and continuing the flow 
past them must be found. 

These singularities may occur along proper subsets of the manifold, 
not the entire manifold. Thus, Perelman introduced a more general evo- 
lution process called Ricci flow with surgery (cf. |Per02j and |Per03aj ). 
In fact, a similar process was first introduced by Hamilton in the con- 
text of four- manifolds. This evolution process is still parameterized by 
an interval in time, so that for each t in the interval of definition there 
is a compact Riemannian 3-manifold Mf. However, there is a discrete 
set of times at which the manifolds and metrics undergo topological 
and metric discontinuities (surgeries). Perelman did surgery along 2- 
spheres rather than surfaces of higher genus, so that the change in 
topology for {M^} turns out to be completely understood. More pre- 
cisely, Perelman's surgery on 3-manifolds is the reverse process of taking 
connected sums: cut a 3-manifold along a 2-sphere and then cap-off by 
two disjoint 3-balls. Perelman's surgery processes produced exactly the 
topological operations needed to cut the manifold into pieces on which 
the Ricci flow can produce the metrics sufficiently controlled so that 
the topology can be recognized. It was expected that each connected 
components of resulting new manifold is either a graph-manifold or 
a quotient of one of homogeneous spaces listed above. It is well-known 
that any graph-manifold is a union of quotients of 7 (out of the 8 pos- 
sible) homogeneous spaces described above. More precisely, Perelman 
presented a very densely written proof of the following result. 

Theorem 0.4 (Perelman |Per02] . jPer03a] . |Per03bj ). Let (M^^o) be 
a closed and oriented Riemannian 3-manifold. Then there is a Ricci 
flow with surgery, say {{Mt, g{t))} , defined for allt e [0,T) with initial 
metric {M,gQ). The set of discontinuity times for this Ricci flow with 
surgery is a discrete subset of [0,oo). The topological change in the 
3-manifold as one crosses a surgery time is a connected sum decompo- 
sition together with removal of connected components, each of which is 
difjeomorphic to one of {S"^ x S^)/ri or S^/Tj. Furthermore, there are 
two possibilities: 

(1) Either the Ricci flow with surgery terminates at a finite time 
T. In this case, Mq is diffeomorphic to the connect sum of (S'^ x 
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S^)/Ti and S^/Tj. In particular, if Mq is simply-connected, then Mq 
is diffeomorphic to . 

(2) Or the Ricci flow with surgery exists for all time, i.e., T = oo. 

The detailed proof of Perelman's theorem above can be found in 
|CaZ06] . |KL08] and |MT07] . In fact, if is a simply-connected closed 
manifold, then using a theorem of Hurwicz, one can find that iTsiM^) = 
H^{M^,'L) = Z. Hence, there is a map F : ^ of degree 1. One 
can view as a two-point suspension of 5"^, i.e., S''^ ~ 5^ x [0, 1]/ {0, 1}. 
Thus, for such a manifold with a metric g, one can define the 2- 
dimensional width W2{M,g) = mideg{F)=i'^^'^o<s<i{Areag[F{S'^, s)]}, 
(compare with ^CalC92;). Colding and Minicozzi (cf. |CM05j . jCMOSaj . 
|CM08bj ) established that 

< W2iMf,git)) < (t + ci)i[c2 - 167r(t + ca)^)] (0.4) 

for Perelman's solutions {M^,g{t)} to Ricci flow with surgery, where 
{ci,C2,C3} are positive constants independent of t G [0,T). Therefore, 



for a simply-connected closed manifold Mq, it follows from (0.4) that 



the Ricci flow with surgery must end at a finite time T. Thus, by 



Theorem 0.4, the conclusion of the Poincare conjecture holds for such 
a simply-connected closed 3-manifold Mq. Other proofs of Perelman's 
finite time extinction theorem can be found in |Per03b] and |MT07] . 

It remains to discuss the long time behavior of Ricci curvature flow 
with surgery. We will perform the so-called Margulis thick-thin de- 
composition for a complete Riemannian manifold {M^,g). The thick 
part is the non- collapsing part of {M^,g), while the thin part is the 
collapsing portion of {M"',g). 

Let p{x,t) denote the radius p of the metric ball Bg(t){x,p), where 
we may choose p(x, t) so that 

inf{secg(t) \y \ y e By(t)ix,p)} > -p"^ 

and ^p{x,t) < p{y,t) < p{x,t) for all y G Bg(^t){x, p/2). The re-scaled 
thin part of Mf can be defined as 

M_(a;,t) = {x e Mf \ Vo\[Bg(^t){x, p{x,t))] < ujp^{x,t)} (0.5) 

and its complement is denoted by M^{u,t), which is called the thick 
part for a fixed positive number u. 

When there is no surgery occurring for all time t > 0, Hamilton 
successfully classified the thick part M+{u,t). 

Theorem 0.5 (Hamilton |Ham99j . non-collapsing part). Let {{M^,g{t))}, 
M^{u,t) and M^iuj^t) he as above. Suppose that Mf is diffeomorphic 
to Mq for all t > 0. Then there are only two possibilities: 
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(1) If there is no thin part (i.e., M-{u),t) = 0), then either {Mf,g{t)) 
is convergent to a flat 3-manifold or (M^, f5'(t)) is convergent to a 
compact quotient of hyperbolic space M.^; 

(2) // both M+{u,t) and M-{u,t) are non-empty, then the thick part 
Mj^{u,t) is diffeomorphic to a disjoint union of quotients of real hy- 
perbolic space with finite volume and with cuspidal ends removed. 




Figure 1. 2-dimensional thick-thin decomposition 




(H7r.)Ti 



7rj)Ti>ick c Ml 



Figure 2. 3-dimensional thick-thin decomposition 



Perelman (cf. |Per03a] ) asserted that the conclusion of Theorem 0.5 



holds if we replace the classical Ricci flow by the Ricci flow with surg- 
eries, (cf. |Per03a] ) . Detailed proof of this assertion of Perelman can 
be found in |CaZ06] . pOlOS] and [MTlOj . 

Suppose that /T is a complete but non-compact hyperbolic 3- 
manifold with finite volume. The cuspidal ends of H'^/F are exactly the 
thin parts of = H^/F. Each cuspidal end of H^/F is diffeomorphic 
to a product of a torus and half-line (i.e., x [0, cxd)). Hence, each 
cusp is a graph-manifold. 

It should be pointed out that possibly infinitely many surgeries took 
place only on thick parts of manifolds {Mt} after appropriate re-scalings, 
due to the celebrated Perelman's /t-non-collapsing theory, (see |Per02j ). 

Moreover, Perelman (cf. |Per03aj ) pointed out that the study of the 
thin part M_{u,t) has nothing to do with Ricci flow, but is related 
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to his version of critical point theory for distance functions. We now 



outline our simple proof of Theorem 0.1 using Perelman's version of 



critical point theory in next sub-section. 

0.3. Outline of a proof of Perelman's collapsing theorem. 

In order to illustrate main strategy in the proof of Perelman's collaps- 
ing theorem for 3-manifolds, we make some general remarks. Roughly 
speaking, Perelman's collapsing theorem can be viewed as a general- 
ization of the implicit function theorem. Suppose that {M^} is a se- 
quence of collapsing 3-manifolds with curvature > —1 and that {M^} 
is not a diameter-collapsing sequence. To verify that is a graph- 
manifold for sufficiently large a, it is sufficient to construct a decom- 
position = U'^^Ua^i and a collection of regular functions (or maps) 
Fa,i '■ Ua,i — )■ K**', where Sj = 1 or 2. We require that the collec- 
tion of locally defined functions (or maps) {{Ua,i, Fa^i)}^^ satisfy two 
conditions: 

(i) Each function (or map) Fa^i is regular enough so that Perelman's 
version of implicit function theorem (cf. [Theorem 1.2| below) is 
applicable; 

(ii) The collection of locally defined regular functions (or maps) are 
compatible on any possible overlaps in the sense of Cheeger-Gromov 
(cf. |CG86j |CG90] l More precisely, if Uc,,i n f/^j and if 
[F-liy) n F-jiz)] ^ with dim[F-liy)] < dim[F-j(2;)], then 
we require that either F~l{y) C F~j{z) or the union [F~l{y) U 
F~j{z)] is contained in a 2-dimensional orbit of an almost-free 
torus action. 

If the above two conditions are met, with additional efforts, we can 
construct a compatible family of the locally defined Seifert fibration 
structures (which is equivalent to an F-structure J-" of positive rank 
in the sense of Cheeger-Gromov) on a sufficiently collapsed 3-manifold 
M^. It follows that is a graph-manifold for sufficiently large a, (cf. 
Rong93| ). 



Perelman's choices of locally defined regular functions (or maps) are 
related to distance functions r^^.(a;) = d{x,Aa^i) from appropriate 
subsets j. We briefiy illustrate the main strategy of our proof for 
the following two cases. 

Case l.The metric balls {i^jv^s (xq,, r)} collapse to an open interval. 

We will show that BM3{xa,r) is homeomorphic to a slim cylinder 
A^^ X / with shrinking spherical or toral factor for sufficiently large 
a. When a sequence of the pointed 3-manifolds {{BM3{xa, r),Xa)} with 
curvature > —1 are convergent to an 1-dimensional space (X^,Xoo) 
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and interior point, Perelman-Yamaguchi fibration theory is 

applicable. Thus, we are led to consider the fibration 




Figure 3. Slim cylinders with collapsing fibers. 

We now discuss the topological type of the fiber A''^. Let Xoo € {—i, t) 
and Sa be the diameter of F~^{xoo) in M^. We further consider the 
limiting space of re-scaled spaces {{B^-ij^j3 (xq,, j-),Xa)}, as Sa — )■ 0. 
There are two sub-cases: dim(F^) = 3 or dim(F^) = 2. Let us consider 
the subcase of dim(F^) = 3: 

where both N"^ and are manifolds with possibly singular metrics 
of non-negative curvature. To classify singular surfaces with non- 
negative curvature, we use a splitting theorem and the distance non- 
increasing property of Perelman-Sharafutdinov retraction on the uni- 
versal cover N"^, when A^^^ has non-zero genus. With some extra efforts, 
we will conclude that must be homeomorphic to a quotient of 2- 



sphere or 2-torus, (see Section 2 below). It now follows from a version 
of Perelman's stability theorem that the fiber A"^ is homeomorphic to 
A^^, for sufficiently large a. Hence, A^^ is a quotient of 2-sphere or 
2-torus as well, for sufficiently large a. Our new proof of Perelman's 
collapsing theorem for this subcase is much simpler than the approach 
of Shioya-Yamaguchi presented in |SY00j . 

The sub-case of dim(F^) = 2 is related to the following case: 

Case 2. The metric halls {BM3{xcf,r)} collapse to an open disk. 
We will show that BMi^Xa^r) is homeomorphic to a fat solid torus 
X Sl^ with shrinking core Sl^ for sufficiently large a. 
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Si ^] 




■ X Si 



Figure 4. Fat solid tori with shrinking cores 5*^. 



In this case, our strategy can be illustrated in the following diagram 

Fa -o 



G-H 



where the sequence of metric balls B(^Ml,g'^){xa,5) are convergent to 
the metric disk Bx^^ixooi^) for 5 < r. We will construct an admissi- 
ble map Foo which is regular at the punctured disk, using Perelman's 
multiple conic singularity theory, (see Theorem 1.17 below). Among 



other things, we will use the following result of Perelman to construct 
the desired map F^o. 

Theorem 0.6 (Conic Lemma in Perelman's critical point theory, (cf. 
jPer94j page 211)). Let X he an Alexandrov space of dimension k, 
curv > — 1 and x & X be an interior point of X . Then the distance 
function Vxiy) = d(a;,|/) has no critical points on [Bx{x,5) — {x}] for 
sufficiently small 5 depending on x. 



We will use Theorem 0.6| a nd Perelman's semi-flow orbit stability 
theorem (cf. Proposition 1.14| below) to conclude that the lifting maps 
Fa is regular on the annular region AM'A{xa,£,5) = [BM3{xa,S) — 
-Bm3(xq,, e)]. With extra efforts, one can construct a local Seifert fi- 
bration structure: 

AM3ixa,e,S) Ax2{xoo,e,S) 

In summary, Perelman's collapsing theorem for 3-manifolds can be 
viewed an extension of the implicit function theorem. Our proof of 
Perelman's collapsing theorem benefited from his version of critical 
point theory for distance functions, including his conic singularity the- 
ory and fibration theory. Perelman's multiple conic singularity theory 
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and his fibration theory are designed for possibly singular Alexandrov 
spaces X^. Therefore, the smoothness of metrics on X'' does not play 
a big role in the applications of Perelman's critical point theory, unless 
we run into the so-called essential singularities (or extremal subsets). 
When essential singularities do occur on surfaces, we use the MCS the- 



ory (e.g. Theorem 0.6) and the multiple-step Perelman-Sharafutdinov 



flows to handle them, (see §5.2 below). 



Without using Perelman's version of critical point theory, Shioya- 
Yamaguchi's proof of the collapsing theorem for 3-manifolds was lengthy 
and involved. For instance, they use their singular version of Gauss- 
Bonnet theorem to classify surfaces of non-negative curvature, (see 
Chapter 14 of |SY00j ). The proof of the singular version of the Gauss- 
Bonnet theorem was non-trivial. In addition, Shioya-Yamaguchi ex- 
tended the Cheeger-Gromoll soul theory to 3-dimensional singular spaces 
with non-negative curvature, which was rather technical and occupied 
the half of their first paper |SY00j . Using Perelman's version of critical 
point theory, we will provide alternative approaches to classify non- 
negatively curved surfaces and open 3-manifolds with possibly singular 
metrics, (e.g., the 3-dimensional soul theory). Our arguments inspired 
by Perelman are considerably shorter than Shioya-Yamaguchi's proof 



for the 3-dimensional soul theory, (see §2.2 below). 

For the readers who prefer a traditional proof of the collapsing the- 
orem without using Perelman's version of critical point theory, we rec- 
ommend the important papers of Morgan- Tian |MT08j and Shioya- 
Yamaguchi |SY00j . |SY05j . Finally, we should also mention the recent 
related work of Gerard Besson et al, (cf. |BBBMP10j ). Another proof 
of Perelman's collapsing theorem for 3-manifolds has been announced 
by Kleiner and Lott (cf. |KLin] ). 

We refer the organization of this paper to the table of contents at 



the beginning. In Section 1 4 below, we mostly discuss interior points 



of Alexandrov spaces, unless otherwise specified. 



1. Brief introduction to Perelman's MCS theory and 

APPLICATIONS TO LOCAL SeIFERT FIBRATION 

In §1-2, we will discuss our proof of Theorem 0.1' for a special 
case. In this special case, we assume that the sequence of metric balls 
{B(^M3,gc){xa,r)} is convergent to a metric ball Bx2{xoo,r), where Xoo 
is an interior point of X^. Using several known results of Perelman, we 
will show that there is a (possibly singular) circle fibration: 



(1.1) 
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for some e < r. In other words, we shall show that Bji.fi{xa,£) looks 
like a fat solid tori with a shrinking core, i.e., Bji.f3{xo,,e ) ~ [D 
[{D'^ X (M/eZ)], (see Figure 4 above and Example 2.0 below). 



' X SI] 



In fact, using the Conic Lemma ( Theorem 0.6| above), Kapovitch 
|Kap05| already established a circle-fibration structure over the an- 
nular region Ax2{xoo,S,e). Let T,x{X) denote the space of unit di- 
rections of an Alexandrov space X of curvature > — 1 at point x. 
When dim(X) = 2, it is known (cf. [BGP92]) that must be a 2- 
dimensional topological manifold. Thus, Sa;(X^) is a circle, and hence 
an 1-dimensional manifold. 



Proposition 1.1 ( |Kap05| , page 533). Suppose that ^tllL^ x, 
where is a sequence of n- dimensional Riemannian manifolds with 
sectional curvature > —1. Suppose that there exists x^o € X such 
that S = Sa,^(X) is a closed Riemannian manifold. Then there exists 
'^o = i^Q^Xoc) such that for any 9 Xq, — > x^o we have: For any 
sufficiently large a, and r < ro, there exists a topological fiber bundle 



such that 



(1) 5*0, and dBMa{xa,r) are topological manifolds; 

(2) Both Sa and dBMa{xa,r) are connected; 

(3) The fundamental group TTi{Sa) of the fiber is almost nilpotent. 

We will use Perelman's fibration theorem and an multiple conic sin- 
gularity theory to establish the desired circle fibration over the annular 
region Ax2{xoo,S,e) for 6 < e. Our strategy can be illustrated in the 
following diagram 



BM3{Xa,r) 



G-H 



where the sequence of metric balls B(^M3,gc'){xa, r) are convergent to the 
metric disk Bx2{xoo,r). 

If Fa were a ^topological submersion" to its image, then we would 
be able to obtain the desired topological fibration. For this purpose, 
we will recall Perelman's Fibration Theorem for non-smooth maps. 
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1.1. Brief introduction to Perelman's critical point theory. 

We postpone the definition of admissible maps to §1.2 In §1.2 we 
will also recall the notion of regular points for a sufficiently wide class 
of ^'"admissible mappings" from an Alexandrov space X" to Euclidean 
space M!^. 

Let F : X" — )■ M'^ be an admissible map. The points of an Alexan- 
drov space X that are not regular are said to be critical points, and 
their images in M'^ are said to be critical values of F : X — t- M^. All 
other points of M'^ are called regular values. 

Theorem 1.2 (Perelman's Fibration Theorem |Per94j page 207). 

(A) An admissible mapping is open and admits a trivialization in a 
neighborhood of each of its regular points. 

(B) // an admissible mapping has no critical points and is proper in 
some domain, then its restriction to this domain is the projection 
of a locally trivial fiber bundle. 

There are several equivalent definitions of Alexandrov spaces of curv > 
k. Roughly speaking, a length space X is said to have curvature > if 
and only if, for any geodesic triangle A in X, the corresponding triangle 
A of the same side-lengths in is thinner than A. 

More precisely, let M| be a simply connected complete surface of 
constant sectional curvature k. A triangle in a length space X consists 
of three vertices, say {a, b, c} and three length-minimizing geodesic seg- 
ments {ab,bc,ac}. Let \ab\ be the length of ab. Given a real number 
k, a comparison triangle A^ - _ is a triangle in M| with the same side 
lengths. Its angles are called the comparison angles and denoted by 
c), etc. A comparison triangle exists and is unique whenever 



k < or k > and \ab\ + \bc\ + \ca\ < 



2n 
Vk' 



Definition 1.3. A length space X is called an Alexandrov space of 
curvature > k if any x E X has a neighborhood for any {a, b, c, d} G 
Ux, the following inequality 

2^(6,c) + 2^(c,d) + 2^(rf,6)<27r. 

Alexandrov spaces with curv > A have several nice properties, (cf. 
|BGP92j ). For instance, the dimension of an Alexandrov space X is 
either an integer or infinite. Moreover, for any x G X, there is a well 
defined tangent cone T~(X) along with an "inner product" on T~(X). 

In fact, if X is an Alexandrov space with the metric d, then we denote 
by AX the space (X, Xd). Let ix '■ AX — )■ X be the canonical map. The 
Gromov-Hausdorff limit of pointed spaces {{XX, x)} for A — )■ oo is the 
tangent cone T-(X) at x, (see §7.8.1 of iBGP92j l 
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For any function f : X ^ R, the function dxf : T~(X) — )• M such 
that 

dj= hm /^llf/M 

is called the differential of / at x. 

Let us now recall the notion of regular points for distance functions. 

Definition 1.4 f |GS77j . |Gro81j ). Let A C X be a closed subset of an 
Alexandrov space X and fA{x) = d{x, A) be the corresponding distance 
function from A. A point x ^ A is said to be a regular point of f^ if 
there exists a non-zero direction ^ G T~ (X) such that 

dJii) > 0. (1.2) 

It is well-known that if X has curv > then f{x) = ^[d{x,p)]'^ 
has the property that Hess(/) < /, (see |Petr07] ). To explain such an 
inequality, we recall the notion of semi-concave functions. 

Definition 1.5 ( jPer94j page 210). A function / : X — )■ M zs said to be 
X-concave in an open domain U if for any length-minimizing geodesic 
segment a : [a, 6] — )■ f/ of unit speed, the function 

f o a{t) - Xt^/2 

is concave. 

When / is 1-concave, we say that Hess(/) < /. It is clear that if 
f \ U — )■ M is a semi-concave function, then 

4/:T-(X)^M 

is a concave function. 

In order to introduce the notion of semi-gradient vector for a semi- 
concave function /, we need to recall the notion of "mner product" on 
T~{X). For any pair of vectors it and v in T~{X), we define 

{u, v) = 2 d"^!^ + 1"^!^ ~ I'^'^H = l"^! I"^! "^os 9 

where 9 is the angle between u and v, \uv\ = drp-i^-^^{u,v), \u\ = 
^T-{x)i^^ o) and o denotes the origin of the tangent cone. 

Definition 1.6 ( |Petr07j ). For any given semi-concave function f on 
X , a vector fj G T~{X) is called a gradient of f at x (in short ff = V/ ) 
if 

(i) dxf{v) < {f],v) for any v G T~{X) ; 

(ii) dj{f]) = |r/|2. 
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It is easy to see that any semi-concave function has a uniquely defined 
gradient vector field. Moreover, if dxf{v) < for all v G T~{X), then 
V/|x = 0. In this case, x is called a critical point of /. Otherwise, we 
set 

V/ = djioi 

— * 

where ^ is the (necessarily unique) unit vector for which dxf attains its 
positive maximum on Ea;(X), where ^^.(X) is the space of direction of 
X at X. 

Proposition 1.7 ( |Per94] . |PP94j ). Let be a metric space with 
curvature > — 1 and x be an interior point of X^. Then there exists a 
strictly concave function h : B{x,r) {—oo,0] such that (1) h{x) = 
and B{x,j) C h^^{{—s,0]) C B{x,Xs) for s < (2) the distance 
function rx{y) has no critical point in punctured ball [Bx{x,e) — {x}], 
for some {e,r, A} depending on x. 

Proof. (1) The construction of the strictly concave function h described 
above is available in literature (see |GW97j . Kap02| ). In fact, let 



fs'-.X^Rhe defined as on page 129 of |Kap02| for S' < 5. We 
choose h{x) = fs'{x) — 1. Kapovitch showed that the inequality 

^ ^ d{x,x) ^ 1 



t cos(3(5) 

holds for X E h'^{-t) and t « 5' < 6, (see page 132 of |Kap02| ). 
Thus, there exists a A such that B{x, f) C /i~^((— s,0]) C B{x, As) for 

(2) For the convenience of readers, we add the following alternative 
proof of the second assertion. Let us recall that the tangent cone 
(Tr(X"),0) is the Gromov-Hausdorff limit of the pointed re-scaled 
spaces {(AX, i:)}A>o as A — )■ +oo, i.e. 

(AX,x) ^ (TrX,0) 

as A — )■ +00, where O is the apex of the tangent cone TrX. Let 
^OT-xiv) = and d£,Ax(l/) = dxx{y,x) = Xdx{y,x). We 

consider f\{y) = ^{dx^xx{y,x))^. By an equivalent definition of curva- 
ture > —1, {/a}a>i and f^o are semi-concave functions. 

Lemma 1.3.4 of |Petr07j implies that if px — )■ Poo as A — ?■ p^o then 
liminfA-^oo |V/a|(pa) > |V/oo|(Poo)|- 



Let Am{x^ r, R) = [Bm{x, R) — Bm{x, r)] be an annular region. Our 
energy function /oo(?7) = \\r]\'^ has property |V/oo| > | on At4(x)(0, ^, 1). 
It follows from Lemma 1.3.4 of |Petr07j that, for sufficiently large 
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A > Ao > 1, the function fx has no critical point on the annual re- 
gion 

A\x{x,-,1) = Ax{x,—,-). 

Since we have 

[Bx{x, ^) - {x}] = Ux>XoAx{x, ^, 

we conclude that the radial distance function has no critical point on 
the punctured ball [Bx{x,e) — {x}]. □ 

1.2. Regular values of admissible maps. 

In this subsection, we recall explicit definitions of admissible map- 
pings and their regular points introduced by Perelman. 

Definition 1.8 f ! Per94j . jPerOT] admissible maps). (1) Let X" be 

a complete Alexandrov space of dimension n and > c and 

U C X". A function f : U ^ is called admissible if f{x) = 
Yl^i^ii^Aii^)) where Ai G M is a closed subset and 0j : M — ^ M 
is continuous. 

(2) A map F : X" — )■ M'^ is said to be admissible in a domain U G M 
if it can be represented as F = GoF , where G : — )■ M'^ is bi-Lipschitz 
homeomorphism and each component fi of F = (/i, /2, . . . , fk) is ad- 
missible. 

The definition of regular points for admissible maps F : X" — )■ M'^ 
on general Alexandrov spaces is rather technical. For the purpose of 
this paper, we only need to consider two lower dimensional cases of 
X": either X^ is a smooth Riemannian 3-manifold or X^ is a surface 
with curvature > c. 

Definition 1.9 (Regular points of admissible maps for dim < 3). 

(1) Suppose that F : — )■ is an admissible map from a smooth 
Riemannian 3-manifold to on a domain U G M and F = GoF , 
where G : — )■ zs bi-Lipschitz homeomorphism and each component 
fi of F = (/i,/2) is admissible. //{V/i, V/2} are linearly independent 
at X E U , then x is said to be a regular point of F. 

(2) (^ |Per94j page 210). Suppose that F : X^ — )• is an admissible 
map from an Alexandrov surface X^ of curvature curv > c toM? on a 
domain U G and F = G o F , where G : — )■ zs bi-Lipschitz 
homeomorphism and each component fi of F = (/i,/2) is admissible. 
Suppose that fi and f^ satisfy the following conditions: 

(2.a) (V/l,V/2),<-£<0; 
(2.b) There exits f G Tg{X^) such that min{dg/i(f), ^5/2(6} > e>0. 
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Then q is called a regular point of F\u. 

Remark 1.10. It is clear that Perelman's condition (2. a) implies that 
diam(Eg(X^)) > |. This together with (2.b) implies that 

^<Z,(V/i,V/2)<7r. 

Conversely, we would like to point out that if diam(Eg(X^)) > |, then 
there exists an admissible map F = (/i,/2) : f/g — )■ satisfying 
Perelman's condition (2. a) and (2.b) mentioned above, where Uq is a 
small neighborhood of p in X^. □ 

We need to single out ''bad points" (i.e., essential singularities) for 
which the condition 

diam(Sg(X2)) > ^ 

fails. These bad points are related to the so-called extremal subsets (or 
essential singularities) of and Alexandrov space with curvature > c. 

Definition 1.11 (Extremal points of an Alexandrov surface). Let 

be an Alexandrov surface and z be an interior point of X^. // the 
diameter of space of unit tangent directions T,z{X'^) has diameter less 
than or equal to |, i.e. 

diam(S,(X2)) < |, (1.3) 

then z is called an extremal point of the Alexandrov surface X^. If 
diam{Tiz{X'^)) > |, then we say that z is a regular point of X"^ . 



A direct consequence of Theorem 0.6 (i.e.. Proposition 1.7) is the 



regularity of sufficiently small punctured disk in an Alexandrov surface. 

Corollary 1.12. Let X^ be an Alexandrov space of curvature > — 1 
and 5 be as in Theorem 0.6 Then each point y G [Bx'i{x,5) — {x}] in 
punctured disk is regular. 

We recall the Perelman-Sharafutdinov gradient semi-flows for semi- 
concave functions. 

Definition 1.13. A curve : [a, 6] — )■ X is called an f -gradient curve 
if for any t G [a,h] 

^-V/l,,., (1,4) 

It is known that if / : X — )■ M is a semi-concave function then there 
exists a unique /-gradient curve : [a, -f-oo) — )■ X with a given initial 
point 0(0) = p, (cf. Prop 2.3.3 of |KPT09] ). We will frequently use the 
following result of Perelman (cf. |Per94j ) and Perelman-Petrunin (cf. 
[PP94] l 
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Proposition 1.14 (Lemma 2.4.2 of jKPTO], Lemma 1.3.4 of [PetrQTj). 

Let Xa — )• Xoo he a sequence of Alexandrov space of curvature > — 1 
which converges to an Alexandrov space X^o- Suppose that fa foo 
where fa : Xa — )■ M is a sequence of X-concave functions and foo : 
Xoo — i- M. Assume that ipa '■ [0, +oo) — )■ Xa is a sequence of fa- 
gradient curves with V^o(O) = Pa ^ Poo o,nd ipoo '■ [0, +oo) — )■ X^o be the 
f -gradient curve with ipooi^) = Poo- Then the following is true 

(1) for each t > 0, we have 

as a oo; 

(2) liminf^^oo |V/„|(p„) > |V/oo|(Poo)- Consequently, if {qa} is a 
bounded sequence of critical points of fa, then {qa} has a subsequence 
converging to a critical point q^o of f^o ■ 

As we pointed out earlier, tlie pointed spaces {(^X, a;)} converge to 
the tangent cone of X at x, i.e., (^X, x) — )■ (T~(X), 0) as e — )■ 0, where 
is the origin of tangent cone. 

When X"^ is an Alexandrov surface of curvature > —1, it is known 
that is a 2-dimensional manifold. Moreover we have the following 
observation. 

Proposition 1.15 ( |Per94] ) . Let X be an Alexandrov space of curva- 
ture > —1. Suppose that x is an interior point of X . Then Bx{x,e] 



is homeomorphic to Bj^--^(0,e), where e is given by Proposition 1.1. 

X 

Furthermore, there exits an admissible map 

G ■ Tr{X'^) -> m2 
such that G is bi-Lipschitz homeomorphism and G is regular at v 0. 

Proof. This is an established result of Perelman, (cf. |Per94j . |Kap07| ). 
We provide a short proof here only for the convenience of readers. Let 
us first prove that Bx{x,e) is homeomorphic to Brp-^{0,e), where e 



is given by Proposition 1.7 Recall that {(|X, x)} is convergent to 
(TrX, O), as 5 —7- 0. By Perelman's stability theorem (cf. Theorem 
7.11 of |Kap07] ), -Bij^(x, 1) is homeomorphic to -8^-^(0,1) for suffi- 

' ' S X 

ciently small S. Thus, Bx{x,6) is homeomorphic to Brp-j^{0,6). 



By Proposition 1.7, the function r^d/) = dx{y,x) has no critical 
point in punctured ball [Bx{x, e) — {x}]. Thus, we can apply Perelman's 
fibration theorem to the following diagram: 

E,{X) Ax2{x,6/2,e) ^ {6/2,e). 
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Consequently, we see that Ax^ix^ |, e) is homeomorphic to a cyhnder 



C = (OB) X (2,^)- Furthermore, the metric sphere (dB) is homeomor- 
phic to S£(X). It follows that the metric ball Bx{x, e) ~ [Brp-jf^{0, 6) U 



C] is homeomorphic to Brp-j^(0, e), where e is given by Proposition 1.7 
It remains to construct the desired map G. If ^ = ^diam(S£(X^)) 
then 9 < tt/3. Let us choose six vectors {6? 6; 6? 6; 6? 6} C ^^(X^) 
such that Z(6,6) = 6* for i = j + 1 or {2 = 1, j = 6}. It is easy 
to construct affine map H from an Euclidean sector of angle 6 to an 
Euclidean sector of angle it/3. In fact we can first isometrically embed 
an Euclidean sector as {{x,y)\x > 0,y > 0,0 < ei < arctan(|) < 
+ £1} C M^. We could choose hi{x,y) = x,h2{x,y) = Xy, (see 



Figure 5). 



Each affine map H = (/ii,/i2) has height functions (distance func- 
tions from axes) up to scaling factors as its components. We can ar- 
range the Euclidean sectors in an appropriate order so that H is admis- 
sible. For instance, we could change the role of hi and /12 for adjunct 
sector such that, by gluing six Euclidean sectors together, we can re- 
cover T^^X"^) and construct an admissible map G : T^^X"^) ^ M^. □ 




Figure 5. The construction of a regular map form Si fl Ax2{xoo, S, e). 

Recall that limA^oo(AX, x) = (T~(X),0). By lifting the admissible 
map G : T^{X'^) -^R"^ to F : AX^ we have the following result. 

Corollary 1.16. Let X^ be an Alexandrov surface of curvature > — 1 
and X be an interior point. Then there exist sufficiently small e > 5 > 
and admissible maps 

Foo,i '■ X^ — ^ 

such that Foo,i is regular on Si fl Ax^ix, 6, e) for i = 1, 2, ■ ■ ■ , 6, where 
Si C X^ is the lift of the Euclidean sector bounded by {6)6+1} fi"om 
T.7X2 to X\ 

Proof. Let {/ii,/i2} and {6,6,6,6,6,6} C ^^(X^) be as in the 



proof of Proposition L15 We choose an 1-parameter family of length- 



minimizing geodesic segments 7j^A '■ [0, 2] — ?■ AX^ such that {7i,A} are 
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converging to C,i in Tx{X'^), as A — )■ oo. We also choose another length- 
minimizing geodesic segment 7i,A : [0, 26] — )■ AX^ outside the geodesic 
hinge {%\,%+i,x} such that < £1/2 < Z£(7^' ;^(0), 7. ;^(0)) < ei. (see 



Figure 5 above). We consider lifting distance functions as follows: 
and 

fx,iiy) = dAX2(7i,A, y) 

It follows from Proposition 1.14 that two functions {rxx'^, f\,i} are reg- 
ular on Si n ^4^x2(3^, ^, 1) for sufficiently large A. 

Choosing a sufficiently large Aq, we consider the map 

^oo,i(-) = (Aodx2(x, ■), Aodx2(7i, ■)) 



It follows from Proposition 1.14 that F^oi is regular on the curved 



trapezoid- like region Si fl Ax2{x, S, e), (see Figure 5). □ 



Recall that there is a sequence {M^} convergent to X^. We conclude 



Section 1 by the following circle-fibration theorem. 



Theorem 1.17. Suppose that a sequence of pointed 3 -manifolds {(M^, Xc 
is convergent to a 2- dimensional Alexandrov surface (Xqo, Xoo) such that 
Xoo is an interior point of . Suppose that 

Foo 

6,6) AR2{0,6,e) 

is a regular map as above. Then there exist maps 

Fa : Af^j3^^c,){xa,6,e) ^^2 (0,(5,6:) 

such that Fa is regular for sufficiently large a. Moreover, the map Fa 
gives rise to a circle fibration: 

S^ ^ Afj^j3^-o.){xa,S,e) -> Ax2{xoo,S,e) 

for sufficiently large a. 



Proof. We will use the same notations as in proofs of Proposition 1.15 



and Corollary 1.16 For each F^^i constructed in Corollary 1.16 



we 



consider the map 

Foo,i = (dx2(x, ■),dx2{% ■)) 

up to re-scaling factors, which is regular on Si fl Ax2{xoo,S,e). Since 
BM3{xa,r) -> Bx2{xoo,r) as a — )■ 00, we can choose geodesic segment 
7j,a in with 7j_Q — > 7^. Then we can define a map of Fj^oo by 

We further choose Si^a ~ ^['^{S*) C such that Si^a ~^ Si as 
a —7- 00, where S* is an Euclidean sector of described in the 
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proof of Proposition 1.15 and Corollary 1.16 



ure 6). It follows from Proposition 1.14 that Fi^a is also regular in 



(see 


Figure 5 


and 


Fig- 





Figure 6. A regular map from Si^a H ^(^^3 ga-^{xa, S, e). 
Si^a n A^j^p QaJxa,S,e), for sufficiently large a. Using Perelman's fi- 



bration theorem (Theorem 1.2 above), we obtain that Fa^i defines a 
fibration on Si^a n~^4^M^§I)I^5 ^5 To get a global S'^-fibration on 
A^j^3 ~aJxa,S,e), we need to glue these local fibration structures to- 



gether. We will discuss the detail of the gluing procedure in Section 6 



below. □ 
2. Exceptional orbits, Cheeger-Gromoll-Perelman soul 

THEORY AND PERELMAN-ShARAFUTDINOV FLOWS 

We begin with an example of collapsing manifolds with exceptional 
orbits of a circle action on a solid tori. 

Example 2.0 ( \C(J,72\ ). Let M x = {{x,y, z)\y^ + < 1)} be an 
infinite long 3-dimensional cylinder. We consider an isometry ips,mo '■ 
— )■ given by 

1 
COS— -sin^ 

mp mo 

sin ^ cos — 

mo mo 

where mo is a fixed integer > 2. Let re,mo = {i'e,mo) be an sub-group 
generated by V'e.mo- It is clear that the following equation 





fx] 




0^ 




V'sjmo ■ 1 


y 


hi 




H 




{ ^ ) 




{01 









f X + TTloe \ 















T^£,mo 

holds. The quotient space Ml^^^ = (M x D)lV^^rna is a solid torus. Let 

be the corresponding quotient map. The orbit i^o.e = ^£,^0(1^ x {0}) 
is an exceptional orbit in M^^^. It is clear that such an exceptional 
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orbit £ has non-zero Euler number. Let e 0, the sohd tori M, 



e,mo 



is convergent to 
generated by -i^rno 



D'^/Zmo, where Z„(, 



cos 
sin 



2lT 



9l» 



— sm 

cos 



2tt 



9?" 



ii^mo) is a subgroup 



mo mo 

Let us now return to the diagram constructed in the previous section: 



G-H 



Among other things, we shall derive the following theorem. 

Theorem 2.1 (Solid tori around exceptional circle orbits). Let Fa, 

and Ax2 {xoo ,S,e) as in . 



F 



Section 1 



and the diagram 



above. Then there is a 6* > such that BMji{Xa,<^*) is homeomorphic 
to a solid torus for sufficiently large a. Moreover, a finite normal cover 
of BM3{xa,S*) admits a free circle action. 



We will establish Theorem 2.1| by using the Cheeger-GromoU-Perelman's 
soul theory for singular metrics on open 3-dimensional manifolds with 
non-negative curvature, (comparing with |SY00j ) . It will take several 
steps. 

2.1. A scaling argument and critical points in collapsed re- 
gions. 

We start with the following observation. 



Proposition 2.2 (cf. |SY00j . |Yama09j ). Let {{B^Mig-'){xa,e),Xa)} 
be a sequence of metric balls convergent to {Bx2{xoo,£),Xoo) as above. 
Then, there is another sequence of points {x'^} such that x'^ — )■ x^o as 
X"^ and for sufficiently large a, the following is true: 

(1) dB(^M'i,g°'){x'a-,^) homeomorphic to a quotient of torus T^; 

(2) There exists Q < 5a < s such that there is no critical point of 

= <^{z,x'a) for z G A(M3,g^)(x;,(5„,e); 

(3) There is the furthest critical point Za of the distance function r^'^ 
in B(^]^f3 gc-^{x'^, So) with Aq = ^^^(-Zq) — )■ as a ^ oo. 

Proof. This result can be found in Shioya-Yamaguch's paper |SY00j . 
For convenience of readers, we reproduce a proof inspired by Perelman 
and Yamaguchi (cf. |Per94j . jYama09j ) with appropriate modifications. 
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Our choices of the desired points {x'^} are related to certain averaging 
distance functions {ha} described below. Let us first construct the limit 
function h^o of the sequence {ha}- Similar constructions related to hoo 
can be found in the work of Perelman, Grove and others (see |Per94] 
page 211, jPP94] page 223, |GW97j page 210, |Kap02| , |Yama09j l 
Let ftp denote the set of directions of geodesies from p to A in T,p. 
It is clear that if we choose = Tj^(X^) and if o = is the 
apex of Tx^{X^), then f/y(°'^^= ^^(r^) for any R > 0. Recall that 
(AX^,Xoo) — > {y^,Ox^) as A — i- oo. Suppose that has curvature 
> — 1. Applying Proposition 1.14 we see that, for any 6 > 0, there is 
a sufficiently small r such that 



(2.2.4) The minimal set ltff^^''^°°'^^'' is 5-dense in T^^^iX 

We now choose = and 6 = Let {qi}i<i<m be a maximal 
((5r)-separated subset in dBx2{xoo,r) and {(li,j}i<j<Ni be a ((5'r)-net in 
Bx2{qi,Sr) n dBx2{xoo,r). Yamaguchi ( |Yama09] ) considered 

for i = 1, ■ ■ ■ ,m. Our choice of hoo is given by 

hoo{x) = min {fi{x)}. 

l<i<m 

We now verify that h^o has a unique maximal point Xqo- It is sufficient 
to estabhsh h^oix) < [r — ^d{x,Xoo)] for all x G Bx2{xoo, §)• This can 
be done as follows. For each x G Bx-2{xoo, |) — {xoo}, we choose zq such 
that Zx^{x, qioj) < 55 for j = 1, ■ ■ ■ , Xj^. Suppose that a : [0, d] — )■ 
is a length-minimizing geodesic segment of unit speed from Xoo to x. 
By comparison triangle comparison theorems, one can show that if 
< t < d{xoo,x) then Z^(t)(gioj, cr'(t)) < f for j = 1, ■ ■ ■ ,Ni^. It 
follows from the first variational formula that 

d(c^(i),gio,j) <r - (cos-)t, 

for j = 1, ■ ■ ■ , Xjg. In fact, Kapovitch |Kap02| observed that d(cr(t), gj^j) < 
[r - tcos(35)], (see |Kap02| page 129 or |(;W97j ). It follows that 
hoo{x)B^2{xoo,^) has the unique maximum point Xoo with /ioo(a;oo) = r, 
because /loo (a;) = mini<i<„{/i(x)} < [r-^d(x, Xoo)] forx G Bx^ixoc, |)- 
Since 5^3(2^0)''') ~^ -^^^(a^oo) ''^) as a — 00, we can construct a /i^- 
approximation of {qi,j,a} C of {^ij} C X^ with /i'^ — )■ 0. Let 

Aa(l/) = y] d(l/, gi j>) and /^^(z/) = min {fi,a{y)}- 
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Let Aa be a local maximum set of ha\B^j3{xa,^) and x'^ G Aa- Applying 
Proposition 1.14 to the sequence {ha} — )■ hoo, we see that diam(74Q,) — )■ 

r) and a oo. 

again, we can show 



and x' — x^ 



Let r^iy) 



Xq 



Using Proposition 1.14 



that there exists a sequence 6a ^ such that neither the function ha 
nor Tq has any critical points in the annual re gion A^jy^s ga)(3 :^, (5a, e), 
as BM3{x'^,r) — )• Bx2{xoo,r). It follows from Theorem 1.17 that the 
boundary dB(^M'i,g''){x'^, t) is homeomorphic to or Klein bottle T^/Z^ 
for t > Sa- However, (M^, g"') is a Riemannian 3-manifold dB(^M'i,g"){.x'^i -s) 
is homeomorphic to a 2-sphere for s less than the injectivity radius rja 
at x'^. Thus, we let Ha = niin{/i'^, t^q,} and 

max{d(Xa, critical point of r^^ in B(^M^,g'^){x'a,6a)}- 



Xr 



Clearly, we have Aq, G [f^a,6a]- As a — )■ 



completes the proof of Proposition 2.2 
In what follows, we re-choose Xa = 



-oo, we have — 0. This 

□ 



X' 



as in the proof of Propo- 



sition 2.2] for each a. We now would like to study the sequence of 

1 



re-scaled metrics 



r 



9 



{2A] 



Clearly, the curvature of g"" satisfies curv^c > — A^ — )■ 0, as a — )■ oo. By 
passing to a subsequence, we may assume that the pointed Riemannian 
3-manifolds {{{M^, g") , x'^)} converge to a pointed Alexandrov space 
(XooyVoo) with non-negative curvature. 

Proposition 2.3 (Lemma 3.6 of |SYOO] . Theorem 3.2 of |Yama09j ). 

Let {((M^,^"),x'„)}, X^, {Sa},{Xa} and (Foo,2/oo) be as above. Then 
Yoo is a complete, non-compact Alexandrov space of non-negative cur- 
vature. Furthermore, we have 

(1) dimFoo = 3; 

(2) Yoo has no boundary. 

Proof. This is an established result of [SYOOj and |Yama09j . We out- 
line a proof here only for convenience of readers, using our proofs of 
Proposition 2.2 above and Theorem 2.4 and Proposition 2.5| below. 
The metric = defined above has curvature > — A^ — )■ 0, as 

a —7- +00. By our construction, the diameter of Y^o is infinite. More- 
over, our Alexandrov space Yoo has no finite boundary. 

It remains to show that dimFoo = 3. Suppose contrary, dim(y^) = 2. 

(y^), the subset 



Then, for each v* G Ti}, 



A^ 
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has at most two elements. We will find a vector v* such that Ai, has at 
least Nig > 100 elements for some io, a contradiction to dim(yoo) = 2. 

Our choice of v* will be related to a tangent vector to the minimum 
set A of a. convex function / : — )• M, which we now describe. We 



will retain the same notations as in the proof of Proposition 2.2 above. 
Let r^>^{z) = dM^iz,x'^), be a critical point of r^'^ Ib^^sCx^.^;) be as 
above and Za be its image in the scaled manifold y-M^. Suppose that 



goo is the limit point of a subsequence of {za}- It follows from Propo 



sition 1.14 that the limiting point goo must be a critical point of the 
distance function r^^ with ry^{q^) = 1, where ry^{z) = dy^(z,?/oo). 

In addition, there exist (A^i + ■ ■ ■ + A^m)-many geodesic segments 
{li,j,a}i<j<N^,i<i<m in from x'^ to qij^a, where ^ij^a 7ij,oo as 
BM3{x'^,r) -> Bx2{xoo,r) with a oo. Let ^ij^a ■ [0, 2X^] be 
the re-scaled geodesic with starting point x'^ in the re-scaled manifold, 
for 1 < j < Ni,l < i < m. It can be shown that 7ij,a — )• 7j,j,oo 
as j-M^ — Foo, after passing to appropriate subsequences of {a}. 
Therefore, we have (A''i + - ■ ■ + A^m)-niany distinct geodesic rays starting 
from in l^oo- Let us now consider limiting Busemann functions: 

1 . 

Kjiy) = lim [div, %j,oo{t)) - t] and hi{y) = ^Y] Kiiv)- 



Since Y^q has non- negative curvature, each Busemann function {—h. 



is a convex function, (see |CG72j . |Wu79j or Theorem 2.4 below). If 



Kv) = mill [hi] and f{y) = -h{y), 

l<t<'m 



then / is convex. Choose hij^a{x) = [d{x,qij^a)-d{x'^,qij^a)], hi^a{x) = 

^f=i ^ijA^) aiid haix) = rmni<i<m{hi{x)} defined on 5 _l a/3 ^ 
It follows that h = limQ_>.oo ha- Because x'^ is a maximum point of ha 
with ha{x'a) = and x'^ — )■ |/oo as a — )■ cxd, the point y^o is a critical 
point of the limiting function h = limQ,_>.oo ha with /i(?/oo) = 0. 

Thus, = hiijoo) is a critical value of the convex function / = {—h) 
with infygy^ {/(?/)} = 0. There are two cases for A = /^^(O). 



Case 1. li A = {yoo}, then it is known (cf. Proposition 2.5 below) 
that the distance function r^^ does not have any critical point in [Yoo — 
{Voo}], which contracts to the existence of critical points goo of 
mentioned above. Thus, this case can not happen. 

Case 2. dim(A) > 1. In this case, our proof becomes more involved. 
If goo ^ ^ = /~^(0), then /(goo) = a > Qq = 0. Using the proof of 
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Proposition 2.5 below, we see that goo can not be a critical point of 
ry^{z) = d{z,yoo) either, a contradiction. Thus, Qoo & A holds. 

If, for any quasi-geodesic segment a : [a, b] — )• Fqo with ending points 
{cr(a), C Q, the inclusion relation cr([a,6]) C Q holds, then Q 

is called a totally convex subset of Yoo- It follows from the proof of 



Proposition 2.5 below that the sub- level set / ^((— oo,a]) is totally 



convex. Let us choose v* GlT?,°° , where denotes the set of directions 
of geodesies from p to x in Sp. Because {yoo, Qoo} are contained in the 
totally convex minimal set A = /~^(0) of a convex function /, one has 

^.(^,7Uoo(0))>^ 



holds for all i,j by our construction of / = —h, because 7j,j,oo(0 ) = s 



is a support vector of dy^ (— /), (see the proof of Proposition 2.5 below). 
Let a : [0,i] — )■ F be a geodesic segment from ?/oo to goo- Since A is 
totally convex and / is convex, we have (t([0,£]) C A and f{a{t)) = 
for all t e [0,q. Hence, h{a{t)) = for all t e [0,i]. 

Recall that h{z) = mmi<i<rn{hi{z)} . We choose io such that /?-jo(^(i)) 
mini<j<m{/ii(cr(|))} = h{a{^)) = 0. Because hi^{a{t)) is a concave 
function of t with = /i(ct(0)) = h{a{t)) < m.m{h,^{a{{]))X^W))} 
and /iio(c"(|)) = 0, one concludes that hi^{a{t)) = for all t G [0,£]. 
Since hig{a{t)) = for all t G [0,i], choosing v* = o"'(0) one has 

= {dyjhjiv*) = _^[-cos(Z,^(.r,7;,,-oo(0)))], 
This together with inequalities ^y^^i'^ ^'lio,j,ooi^)) — f implies that 

holds for j = 1,2, ■ ■ ■ , Ni^. Hence, we conclude that oo(0) ^ ^i/*' ^^r 
j = 1,2, ■■ ■ ,Nig, where Ni^ > 100. Therefore, we demonstrated that 
#|A^*| > Ni^ > 100. This contradicts to #|Ai,| < 2 when dim(roo) = 
2. This completes the proof of the assertion dim(Yoo) = 3. □ 

2.2. The classification of non-negatively curved surfaces and 
3-dimensional soul theory. 

In what follows, if X is an open Alexandrov space of non-negative 
curvature, then we let X(oo) be the boundary (or called the ideal 
boundary) of X at infinity. For more information about the ideal 
boundary X{oo), one can consult with work of Shioya, (cf. |Shio94] ) . 
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In this sub-section, we briefly review the soul theory for non-negatively 
curved space of dimension < 3. The soul theory and the splitting 
theorem are two important tools in the study of low dimensional col- 
lapsing manifolds. 

Let X be an n-dimensional non-negatively curved Alexandrov space. 
Suppose that X is a non-compact complete space and that X has no 
boundary. Fix a point Xq € X, we consider the Cheeger-GromoU type 
function 

f{x)= Mm [t-d{x,dB{xo,t))]. 

Let us consider the sub-level sets Qc = /~^((— oo, c]). We will show 
that Qc is a totally convex subset for any c in Theorem 2.4 below. 
H.Wu |Wu79] and Z. Shen jShen96j further observed that 

fix)=snp{K{x)} (2.2) 

o-eA 

where A = {a : [0, +oo) X\(r{0) = xq, d(a(s), cr(t)) = |s - t|} and 
/lo- is a Busemann function associated with a ray a by 

h^{x) = lim [t - d{x, a{t))]. (2.3) 

t—>-co 



Since Qc = / ""^(("^o, c]) is convex, by (2.2) we see that Qc contains 
no geodesic ray starting from xq. Choose c = max{c, f{xo)}. Since Qc 
is totally convex and contains no geodesic rays, Qc must be compact. 
It follows that Qc C Qc is compact as well. Thus the Cheeger-Gromoll 
function f{x) has a lower bounded 

«o = inf {f{x)} = inf {/(x)} > -oo. 

If flao = /~^(«o) is a space without boundary, Qao is called a soul of 
X. Otherwise, dQao 7^ we further consider 

ilao-e = {X e fiao|d(x,9fiao) > 

When X is a smooth Riemannian manifold of non-negative curvature, 
Cheeger-Gromoll |CG72j showed that flao-e remains to be convex. For 
more general case when X is an Alexandrov space of non-negative cur- 
vature, Perelman |Per91j also showed that ^lao-e remains to be convex, 
(see IPetrOTj and |(^DMn9] as well). 

Let h = max^6n^^{d(x, dflao)} and ai = ao - k- If ^lai = ^ao-h has 
no boundary, then we call flai a soul of X. Otherwise, we repeat above 
procedure by setting 

^ai-e = {X e na,\d{x,dnai) > s} 

for < 6 < li. Observe that 

n = dim(X) > dim(f2ao) > dim(f2aj > ■ • • 
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Because X has finite dimension, after finitely many steps we will even- 
tually get a sequence 

flo > > 0,2 > ■ ■ ■ > Ctm 

such that Qai-s = {x G fi^^ |d(x, SfiaJ > s} for < s < — Oj+i 
and z = 0, 1, 2, ■ ■ ■ , m — 1. Moreover, fia^ is a convex subset without 
boundary, which is called a soul of X. 

A subset Q is said to be totally convex in X if for any quasi-geodesic 
segment a : [a,b] ^ X with endpoints {a{a),a{b)} C fi, we must have 
o"([a, 6]) C Q. The definition of quasi-geodesic can be found in |Petr07j . 

Theorem 2.4 (Cheeger-Gromoll |(X;72] . Perelman |Per91] . [SYOO]). 

Lei X be an n- dimensional open complete Alexandrov space of curva- 
ture > 0, f{x) = limt_^+oo[i - d{x,dB{x,t))], {^s}s>a^ and > fli > 
■ ■ ■ > Qm be as above. Then the following is true. 

(1) For each s > Oq, fts = /~^((~oo,s]) is a totally convex and 
compact subset of X; 

(2) If tti < s < t < flj-i, then 

fi, = {x e fit|d(x, dVlt) >t-s} 

remains to be totally convex; 

(3) The soul = ^■^ a deformation retract of X via multiple- 
step Perelman-Sharafutdinov semi-flows, which are distance non-increasing. 

Proof. (1) For s > Oq, we would like to show that VLg = /~^((— oo, s]) 
is totally convex. Suppose contrary, there were a quasi-geodesic a : 
[a, b] X with 

max{/(a(a)),/(a(6))}<s 
and c with a < c < b and 

f{a{c))>s>max{f{a{a))J{a{b))}. 
For each integer i ^ 1, we choose yi G dB{xi,i) such that 




d(l/i,a(c)) = d(95(a;o,0,o-(c))- 
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Let ai = ^a{c){yi,(j{a)) and A = Z^(c)(yj, (t(6)). Since X has non- 
negative curvature and a : [a,b] — )■ X is a quasi-geodesic, it is well- 
known ( |Petr07j ) that 

cos ai + cos f3i > 0. 

It follows that 

TT 

mm{ai,i3i} < -. 

After passing a sub-sequence and re-indexing, we may assume that 

for all j > 1. By law of cosine, we have 

[d(z/.„a(6))]2<[d(a(c),yg]^ + |6-cr. 
Therefore, we have 

f{a{b))> Mm [^,-d(a(6),yg] 



> .lim [t^- [d{a{c),yi^)]^ + \b-c\ 



'7 y 



lim 



^2-[dKc),i/J]2-|6-cp 



j^+oo z . + ^[d(a(c),?/ij]2 + |6-c|2 
= lim [ij - d(cr(c),?/ij] + 

= lim [zj — d(cr(c), Zj))] 

= mc)) 

which is contracting to 

/(a(c)) > f{a{b)). 

Hence, Qc is a totally convex subset of X. 

(2) Perelman |Per91j showed that if Qc is a convex subset of X with 
non-empty boundary, then the distance function 

is concave for x G Qc, (see |Petr07j and |CDM09j as well). 

(3) Because our function (— /(x)) and rgn^^ are concave in ^2^., the 
corresponding semi-fiows are distance non-increasing, (see Chapter 6 
of |Per91j . section 2 of [KPTOQ] or IPetrOTj ). Using the Perelman- 
Sharafutdinov flow = ^^Ef^l^it), Perelman (cf. |Per91] ) showed 
that X is contractible to Qao- Let : f2j — )■ M be the distance function 
ri{z) = d{z, dQaJ if dflat 7^ for i = 0, 1, ■ • • , m — 1. For the same 
reasons, Qao is contractible to Qai via the Perelman- Sharafutdinov flow 
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= i^^l^(t). Using the m-step Perelman-Sharafutdinov flows, we 
can see that the soul A^'^ = is a deformation retract of X. □ 

Proposition 2.5. Let f{y) be a convex function on Y with 



inftf,gy{/(u;)} > — oo and A = f ^(flo) in the proofs of Proposi- 



tion 2.3 and Theorem 2.4 above. Suppose that Y is an open and com- 



plete Alexandrov space with non-negative curvature and A' C A is a 
closed subset of A. Then the distance function rA'{y) = d{y,A') from 
A' has no critical points in the complement [Y — A] of A. 

Proof. For each y ^ A and a = f{y) > ao, we observe that A C 
int(f2a) = /~^((— oo, a)). Let a : [0,£] — )■ F be a length-minimizing 
geodesic segment of unit speed from A' to y with cr(0) e A' and a{i) = 
y. Since Y has no boundary, any geodesic cr can be extended to a longer 
quasi-geodesic of unit speed a : [0,i -\- e] Y, (see |Petr07j ). Since / 
is convex, the composition of function t — )■ f{a{t)) remains convex for 
any quasi-geodesics a(t) (see |Petr07j ). It follows that 

Let us consider a minimum direction ^min £ ^yO^) of dyi.~f) ^-nd 
s= [—dy{— f){^min)\imini whcrc wc uscd the fact that 

M,(-/)(e™n)]>^^^^(^)>o. 

Hence we have s = [— c?j,(— /)(^mm)]^mm 7^ 0. The vector s is called 
a support vector of dy{—f). For any support vector s, one has (cf. 
|Petr07j page 143) that inequality 

dy{-f){u) < -{S,u) 

holds for all u G Ily{Y), where (— /) is a semi-concave function. Let 
flc = /~^((~oO) c]). When / is convex, one has 

/(a(t))<max{/(a(a)),/(a(6))} 

for any quasi-geodesic a : [a,b] Y and t G [a, b]. Thus, Qc is totally 
convex. It follows that, for any direction w Eily , we have w G Ty{Qc)- 
Moreover, we have 

dy{-f){w)> -'''-^-''K 

for all w ^ily' , since (— /) is a concave function. Because s is a support 
vector of dy\—f), one also has 

Q<dy{-f){tv)<-{s,w) 
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holds for w G^l^ , (cf. |Petr07] page 143). Thus, we have 



(w, s) > 



TT 



for all w ^ily' . It follows that (iy(r^/)(s) > and y is not a critical 



point of the distance function r^'(.), where y ^ A 



with |Grv93j ). This completes the proof of Proposition 2.5 



/ ^(ao), (compare 
□ 




Figure 7. The minimum set A of a convex function. 

Using soul theory and splitting theorem, we can classify non-negatively 
curved surfaces with possibly singular metrics. 

Theorem 2.6. Let be an oriented, complete and open surface of 
non-negative curvature. Then is either homeomorphic to M? or 
isometric to a flat cylinder. 

Proof. It is known that X"^ is a manifold. Let = be a soul of 
X"^. If the soul N'^ = Qarn is a single point, then is homeomorphic 
to M^. When N'^ = Q„ has dimension 1, then N'^ = Qf, is isometric 
to embedded closed geodesic a : 5^ — > X^, (i.e., = a{S^)). 

Let X^ be the universal cover of X^ with lifted metric and cr : M — f 
X^ be a lift of X^ = fi^^ in X^. We observe that 



X2 ^N' 

Suppose that P : X^ — )■ is the Perelman-Sharafutdinov distance 
non-increasing projection from open space X^ to its soul N^. Such a 
distance non-increasing map P : X^ — )■ can be lifted to a distance 
non-increasing map P : X^ — )■ a. Thus a : M — > X^ is a line in 
an open surface X^ of non-negative curvature. Applying the splitting 
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theorem, we see that X"^ is isometric to M^. It follows that is a flat 
cylinder. □ 

Let us now turn our attention to closed surfaces of curvature. 

Corollary 2.7. Let X"^ he a closed 2- dimensional Alexandrov space of 
non-negative curvature. Then the following holds: 

(1) If the fundamental group 7ri(X^) is finite, then X"^ is homeomor- 
phic to S"^ or MP^ 

(2) If the fundamental group 7ri(X^) is an infinite group, then is 
isometric to a flat tours or flat Klein bottle. 

Proof. After passing through to its double when needed, we may as- 
sume that X^ is oriented. 

When |7ri(X^)| < oo, X^ is covered by 5*^. 

When |7ri(X^)| = +00 and X^ is oriented, for a non-trivial free 
homotopy class of a closed curve [a] 7^ in ni{X^) with [a"] 7^ for 
all n 7^ 0, we choose a length minimizing closed geodesic a : 5*^ — ?■ X^. 
Suppose that X^ is a universal cover of X^ and a : M — X^ is a lift 
of cr in X^. Then we can check that 5" is a geodesic line of X^. Thus, 
X^ is isometric to M^. It follows that X^ is isometric to a flat torus, 
whenever X^ is oriented with |7ri(X^)| = +00. □ 

Example 2.8. When X^ is an open surface of non-negative curvature, 
it might happen that flao is an interval. For instance, let Y"^ = [0, 1] x 
[0, -|-oo) be a flat half-strip in M^. If we take two copies of Y"^ and 
glue them along the boundary, the resulting surface X^ = dbl(y^) is 
homeomorphic to M^. A result of Petrunin implies that X^ = dbl(y^) 
still have non-negative curvature (e.g., |Petr07j or |BBI01j ). In this 
case, we have is an interval. Of course, the soul X* = fla^ of X^ is 
a single point. 

We now say a few words for non-negatively curved surfaces X^ with 
non-empty convex boundary. By definition of surface X^ with curva- 
ture > k, its possibly non-empty boundary dX"^ must be convex. 

Corollary 2.9. Let X^ be a surface with non-negative curvature and 
non-empty boundary. Then 

(1) // X^ is compact, then X^ is either homeomorphic to D'^ or 
isometric to x [0, 1] or a flat Mobius band; 

(2) //X^ is non- compact and oriented, then X^ is either homeomor- 
phic to [0, -|-oo) X M or isometric to one of three types: x [0, -|-oo), 
a half flat strip or [0,1] x (—00, +00). 
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Proof. If we take two copies of X'^ and glue them together along their 
boundaries, the resulting surface dbl(X^) still has curvature > 0, due 
to a result of Petrunin |Petr07] . Clearly, dbl(X^) has no boundary. 

(1) When dbl(X^) is compact and oriented, then dbl(X^) is homeo- 
morphic to the unit 2-sphere or is isometric to a flat strip. Hence, 

is either homeomorphic to or isometric to x [0, /] or a fiat Mobius 
band. 

(2) When dbl(X^) is non-compact, then dbl(X^) is homeomorphic 
to or isometric to S*"^ x M or X^ is isometric to [0, £] x [0, oo). 

To verify this assertion, we consider the soul of dbl(X^). If X^ is 
a circle, then dbl(X^) is isometric to an infinite fiat cylinder: S^{r) x M. 
If the soul X* is a point, then dbl(X^) is homeomorphic to M^. 

There is a special case which we need to single out: X^ is isometric to 



[0, £] X [0, oo). We will elaborate this special case in Section 5 below. □ 



Remark 2.10. In [Section 5| below, we will estimate the number of ex- 
tremal points, i.e. essential singularities, on surfaces with non-negative 
curvature, using multi-step Perelman-Sharafutdinov flows associated 
with the Cheeger-GromoU convex exhaustion. 

Finally, we would like to classify all non-negatively curved open 3- 
manifolds with possibly singular metrics. 

Theorem 2.11 ( [SYOO] ) . Let be an open complete 3-manifold with 
a possibly singular metric of non-negative curvature. Suppose that 
is oriented and X* is a soul of Y^ . Then the following is true. 

(1) When dim(X'*) = 1, then the soul of Y^ is isometric to a circle. 
Moreover, its universal cover Y^ is isometric to X^ x M, where X^ 
is homeomorphic to M^; 

(2) When dim(X'') = 2, then the soul ofY^ is homeomorphic to S'^/T 
orT^/r. Furthermore, Y^ is isometric to one of four spaces: 5^ x 
R, ^ ^ ^ (^2 X R)/Z2, X M or X2 X M = (T2 X M)/Z2, 
where is the flat Klein bottle and MP^ x M zs homeomorphic to 

(3) When dim(X'') = 0, then the soul of Y^ is a single point and Y^ 
must be homeomorphic to M^. 

Proof. This theorem is entirely due to Shioya-Yamaguchi [SYOO]. A 



special case of Theorem 2.11 for smooth open 3-manifold with non- 
negative curvature was stated as Theorem 8.1 in Cheeger-GromoU's 
paper |CG72] . 
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Shioya-Yamaguchi's proof is quiet technical, which occupied the half 
of their paper |SYOO] . For convenience of readers, we present an alter- 
native shorter proof of Shioya-Yamaguchi's soul theorem for 3-manifolds 
with possible singular metrics. 

Case 1. When the soul A^^ of is a closed geodesic a^, there are 
distance non-increasing multi-step Perelman-Sharafutdinov retractions 
from to a^. Thus, is length- minimizing in its free homotopy class. 
It follows that the lifting geodesic is a geodesic line in the universal 
covering space Y^ of Y^. Using the splitting theorem (cf. |BBI01j ) for 
non-negatively curved space Y^, we see that Y^ is isometric to x M, 
where is a contractible surface with non-negative curvature. Hence, 
is homeomorphic to M^. 

Case 2. When the soul N"^ of Y^ is a surface X^, we observe that 
X^ = f^^{ao) is a convex subspace of Y^, where /(x) = limt^oo[i — 
d{x,dBY3^{x,t))] and = infa.gy^{/(x)}. Since / is convex and Y^ 
has non-negative curvature, X^ has non-negative curvature as well. By 



Corollary 2.9 we see that X is either homeomorphic to a quotient of 



S"^ or isometric to a quotient of a flat torus. 

For this case, our strategy goes as follows. We will show that there 
is a "normal line bundle" over the soul X^. After passing its double 
cover if needed, we may assume that such a "normal line bundle" is 
topologically trivial in Y^. In this case, with some extra efforts, one 
can show that there is a geodesic line orthogonal to X^ in Y^. Thus, 
the space Y^ (or its double cover) splits isometrically to X^ x M. 

Here is the detail of our "normal line bundle" argument. For each 
point X in the soul X^, its unit tangent space S^(X^) is homeomorphic 
to S^. Recall that the space of unit tangent directions S^^(F^) of Y^ 
at y is homeomorphic to the sphere 5*^, because Y^ is a 3- manifold. 
Observe that S^(X^) is a convex subset of S^^(y^). Moreover we see 
that S^(X^) divides S^^(F^) into exactly two parts: 

Since the curvature of T,y^(Y^) is greater than or equal to 1, using 
Theorem 6.1 of |Per91] (cf. |Petr07] ). we obtain that there is a unique 
unit vector ^± E fllj_ such that 

£± = Z.(e±, ^liX')) = max{Z,.(^i;±, (X^)) | E ^1^}. 

We claim that ^± < |. Suppose contrary, £± > | were true. We 
derive a contradiction as follows. Let ip : [0, i] — S^^(F^) be a length- 
minimizing geodesic segment of unit speed from S;J,(X^) of length ^ > | 
with = u E Si(X2) and d(^(£), (X^)) = £. We now choose 
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another geodesic segment 77 : [0,6] S^(X^) be a geodesic segment 
of unit speed with ri{0) = u. Since curv^a > 1, applying the triangle 
comparison theorem (cf. |BBI01] ) to the our geodesic hinge at u in 
E^^(y'^), we see that ds2 (■?/'( |), 77(5)) < |. Thus, for the point w = 
ip{^), there are at least two points {u,ri{6)} C S;^(X^) with angular 
distance dE2(w, u) = dj]2(w, ri{6)) = |. In another words, there were at 
least two distinct length-minimizing geodesic segments from w = 
to S^(X^). Hence, '?/'|[o,|+e] is no longer length-minimizing for any 
e > 0, a contradiction. It follows that ^± < |. Moreover, the equality 
^± = I holds if and only if S^^(F^) is isometric to the two point 
spherical suspension of S;J,(X^). In this case, Tx{Y^) is isometric to 
T,.(X2) X M. 

Recall that X"^ = /~^(ao) is a level set of the Busemann function. 
We can write f{x) = [c — d(x, /~^(c))] for x G f~^{—oo,c]). By the 
first variational formula (cf. |BBI01] page 125), we see that 



Combining our earlier inequality ^± < |, we see that ^± = |. There- 
fore, we conclude that T^(F^) is isometric to Tx{X^) x M. Hence, there 
is a "normal line bundle" over the soul X^. After passing its double 
cover if necessary, such a "normal line bundle" of in is topolog- 
ically trivial. Thus, we assume that [Y^ — X^] = Q'^ U has exactly 
two ends, where we replace Y^ by its double cover Y^ if needed. For 
each end and each x G X^, there exists a ray ax^± : (0, 00) — )■ with 
starting point x. One can verify that ax - U ax,+ is a geodesic line in 
Y^ (or in its double cover). By the splitting theorem, we conclude that 
Y^ (or its double cover) is isometric to X^ x M. 

(3) When the soul X^ of Y^ is a single point {yoo}, our proof be- 
comes more involved. Let /(x) = \imt^oo[t — d(x, 95y3^(x, t))] and 
= infj-gys {f{x)} be as above. There are three possibilities for 
dim[/-i(ao)r=0,l,2. 

Subcase 3.0. dim[/~-'^(ao)] = and A = f~^{ao) = {i/oo}- 

In this subcase, the space of unit tangent directions E^^(F^) at 
y is homeomorphic to the sphere S"^ and its tangent cone Ty^(Y^) 
is homeomorphic to M^. Recall that the pointed spaces (AF^,|/oo) is 
convergent to the tangent cone (Ty^(Y^),0) as A — )■ 00, where O is 
the origin of Ty^{Y^). 

By the pointed version of Perelman's stability theorem (cf. Theorem 
7.11 of |Kap07| ), we see that for sufficiently small e, (i^iys (yoo? 1)? Voo) 
is homeomorphic to {BTy^(Yg){0,l),0). It follows that Byi^iyoo^^) is 
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homeomorphic to the unit ball for sufficiently small £ > 0, because 
is a 3-manifold. 

We now use Perelman's fibration theorem to complete our proof for 



this subcase. It follows from Proposition 2.5 that va has no critical 



value in (0, oo). Perelman's fibration theorem (our Theorem 1.2 above) 
implies that there is a fibration structure 

(9D^)^[Fl-f/|(A)]^(|,oo) 

It follows that — U<L{Ay\ is homeomorphic to 5*^ x (|, oo) and that 
is homeomorphic to U [S*^ x M]. Thus, Y^ is homeomorphic to 
M^, for this subcase. 

Subcase 3.1. dim[/~^(ao)] = 1 and A = f~^{aQ) = a is a geodesic 
segment. 



It follows from Proposition 2.5 that ta has no critical value in (0, oo). 
For the same reasons as above, it remains important to verify that 
Ue{A) is homeomorphic to . 

Let (T : [0, £] — )■ be as above and o"([0, £]) be the minimal set of /. 
We denote a e-neighborhood of A by ^/^(A). Let Ag = <7{[s,£ — s]) for 
some s > 0. We observe that 

UMo) = BMO)) U UMs) U B,{aii)) 

for s > 0. For the same reason as in Subcase 3.0 above, both i?e(cr(0)) 
and Bi;{a{i)) are homeomorphic to D^, because Y^ is a 3-manifold. It 
is sufficient to show that UelAg) is homeomorphic to a finite cylinder 
C = [s,i — s] X for sufficient small s. 

Let p = cr(0). We consider the distance function rp{y) = dyj^(?/,p). 
We observe that the distance function has no critical point on geodesic 
sub-segment a{[s, i — s]). A result of Petrunin (cf. |Petr07j page 142) 
asserts that if a;„ — > x as n — )■ oo, then liminf„_^oo |Va;„rp| > |Va;rp|. 
Hence, there exists a sufficiently small e > such that Vp has no critical 
point in Us{As). For the same reason as in Subcase 3.0, we can apply 
Perelman's fibration theorem to our case: 

where we used the fact that [dB^{a{0))] fl Us{As/2) is homeomorphic 
to D^. It follows that UelAg) is homeomorphic to a finite cylinder 
C = {s,i — s) X D^. Therefore, [/^(Ao) is homeomorphic to D^. It 
follows that Y^ ~ [D^ U (S*^ x M)] is homeomorphic to M^. 

Subcase 3.2. dim[f-^{ao)] = 2 and A = /"^(oq) = D'^ is a 

totally convex surface with boundary. 
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For the same reason as the two subcases above, it is sufficient to 
estabhsh that UslA) is homeomorphic to the unit 3-ball D^: 

Let As = {x E Ql\d{x,dQl) > s}. By our discussion in Case 2 
above, we see that for each interior point x E Q^, there is a unique 
normal line orthogonal to fl^ at x. Thus, the interior int(f2Q) has a 
normal line bundle M. Because int(nQ) is contractible to a soul point 
yo, any line bundle over int(f2Q) is topologically trivial. 

In this subcase, our technical goals are to show the following: 

(3.2a) Ui;{As) is homeomorphic to x [~e,e)] 

(3.2b) Us{dAQ) is homeomorphic to a sohd tori {dD'^) x D'^ = x D'^. 

To establish (3.2a), we use a theorem of Perelman (cf. Theorem 6.1 
of |Per91] ) to show that there is a product metric on a subset Ue{As) of 
Y^. Inspired by Perelman, we consider the distance function rA_o{y) = 
dys^iy, Aq). Since has non-negative curvature and mt{As) is weakly 
concave towards its complement [Us/4,{As) — Ag], Perelman observed 
that is concave on [Us/4:{As) — Ag], (see the proof of Theorem 6.1 
in |Per91j . |Petr07] or |CDM09j l We already showed that for each 
interior point x G Aq, there is a unique normal line orthogonal to Aq 
at X. With extra efforts, we can show that, for each interior point 
X G int(Ao) and each unit normal direction C,± J-x (intAg), there is a 
unique ray ax,± : [0, oo) — )■ Y^ with ^^^,±(0) = x and a'^_^{0) = 
Moreover, we have 

f{(^x,±{^)) = ao + t. 
Therefore each y G [Us/4,{As) — Ag] with s > 0, we have 

V(-/)|, = -Vr^ol.- 

Hence, our Busemann function / is both convex and concave on the 
subset [Us/i{As) — As]. Thus, for any geodesic segment ip : [a,b] — )■ 
[Us/4{As) — As], the function f{ip(t)) is a linear function in t. Using 
the fact that f{ip{t)) is a linear function in t and the sharp version of 
triangle comparison theorem (cf. |BGP92j ). we can show that there is 
a sub-domain V of Y^ such that the metric of Y^ on V splits isomet- 
rically as 

V = int(Ao) X M. 

Since int(ylo) is homeomorphic to D^, we conclude that Us{As) is home- 



omorphic to X {—e,e) (compare with the proof of Theorem 5.4 be- 
low). Hence, our Assertion (3.2a) holds. 
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It remains to verify (3.2b). We consider the doubling surface dbl(y4o) 
^0 ^dAo Aq. It follows from a result of Petrunin that dbl(Ao) has non- 



negative curvature. By Proposition 1.7 , we see that the essential singu- 
larities (extremal points) in dbl(Ao) are isolated. Thus, there are only 
finitely many points {xi, ■ ■ ■ ,Xk} on dAo such that 



diam[S^,(Ao)] < 



for j = 1, ■ ■ ■ ,k. We can divide our boundary curve OAq into /c-many 
arcs, say [OAq — {xi, ■ ■ ■ ,Xk}] = U7j. Using a similar argument as in 
Subcase 3.1, we can show that, for each 7^, its 5-neighborhood U^ipfj) 
is homeomorphic to a finite cylinder Cj ^ [D "^ x (0,£j)]. Since is a 
3-manifold, by the proof of Proposition 1.15, we know that -By3^(x_,-, e) 
is homeomorphic to D^. Consequently, we have 

Ue{dA,) = pC.j\[jpBy^{x,,e)l 

which is homeomorphic to a solid tori x S^. This completes our 
proof of the assertion that UeiAo) ~ [UeidAo) U [Aq x (—£,£:)]} is 
homeomorphic to D^. Therefore, ~ [D'^U(S'^x]R)] is homeomorphic 
to M?. 

We now finished the proof of our soul theorem for all cases. □ 



2.3. Applications of the soul theory to proof of Theorem 2.1 



Using [Theorem 2.11 we can complete the proof of Theorem 2.1 
Proof of Theorem 2. 1\ Let and be defined by (2.1). We may 



assume that {((M^, ^"), Xq,)} is convergent to a pointed Alexandrov 
space (F^,?/oo) of non-negative curvature, by replacing Xa with x'^ in 
Proposition 2.2 if needed. By Proposition 2.3[ we see that the limiting 
space Y^ is a non-compact and complete space of dimF^ = 3. Fur- 
thermore, Y^ has no boundary. By Perelman's stability theorem (cf. 
|Kap07|), we see tha t the limit space Y^ is a topological 3-manifold. 



By Theorem 1.17 



we see that dBi^Mi,g"){.Xa, r) is homeomorphic to a 
quotient of the 2-torus T^. The notion of ideal boundary F^(oo) of Y^ 
can be found in |Shio94] . In our case, the ideal boundary F^(oo) at 
infinity of Y^ is homeomorphic to a circle dBx2{xoo, r). We will verify 
that ~ as follows. Let Ue{N^) be a e-tubular neighborhood of 
the soul in Y^. By Perelman's stability theorem and our assump- 
tion that is oriented, we observe that, for sufficiently large a, the 



boundary dUr{N ) is homoeomorphic to dB(^Mi,g'^)^ 
the soul 



,Xa,r') ~ T^. Thus, 
of Y^ must be a circle S^. In this case, it follows from 
Theorem 2.11 that the metric on Y^ (or on its universal cover) splits. 
Therefore, it follows from Perelman's stability theorem (cf. |Kap07] ) 
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that B(^M^,g^){xa,r') is homeomorphic to a solid tori, which is fohated 
by orbits of a free circle action for sufficiently large a. We discuss more 



about gluing and perturbing our local circle actions in Section 6 □ 



We will use [Theorem 2.1tl2.lT] to derive more refined results for col- 
lapsing 3-manifolds with curvature > — 1 in upcoming sections. 



3. Admissible decompositions for collapsed 3-manifolds 

Let S'^{e) be a round sphere of constant curvature ^. It is clear 
that S'^{e) X [a, h] is convergent to [a, h] with non-negative curvature as 
e — > 0. The product space We = S^{e) x [a, b] is not a graph manifold. 
However, if We is contained in the interior of collapsed 3-manifold 
with boundary, then for topological reasons, Wa still has a chance to 
become a part of graph-manifold M^. 

Let us now use the language of Cheeger-Gromov's F-structure the- 
ory to describe 3-dimensional graph-manifold. It is known that a 
3-manifold is a graph-manifold if and only if admits an F- 
structure of positive rank, which we now describe. 

An F-structure, is a topological structure which extends the no- 
tion of torus action on a manifold, (see jCG86j and jCGQOj ). In fact, the 
more significant concept is that of atlas (of charts) for an F-structure. 

An atlas for an F-structure on a manifold M" is defined by a collec- 
tion of triples {{Ui, Vi, T^^)}, called charts, where {Ui} is an open cover 
of and the torus, acts effectively on a finite normal covering. 
Hi : Vi ^ Ui, such that the following conditions hold: 

(3.1) There is a homomorphism, pi : Ti = 7Ci{Ui) Aut{T^^), such 
that the action of T'^' extends to an action of the semi-direct 
product T'^' Xp. Ti, where vri(f/) is the fundamental group of U; 

(3.2) If f/jj n f/jj 7^ ^5 then Ui-^ fl Ui^ is connected. If fcj^ < ki^, then 
on a suitable finite covering of f/j^ fl Ui^ , their hfted tori-actions 
commute after appropriate re-parametrization. 

The compatibility condition (3.2) on lifted actions implies that 
decomposes as a disjoint union of orbits, O, each of which carries a 
natural fiat affine structure. The orbit containing x G is denoted 
by Ox- The dimension of an orbit of minimal dimension is called the 
rank of the structure. 

Proposition 3.1 ( |CG8 6]. f CG90] ). A 3-dimensional manifold 
with possible non-empty boundary is a graph-manifold if and only if 
admits an F-structure of positive rank. 
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For 3- dimensional manifolds, we will see that 7 out of 8 geometries 
admits F-structure. Therefore, there seven types of locally homoge- 
neous spaces are graph-manifolds. 

Example 3.2. Let be a closed locally homogeneous space of di- 
mension 3, such that its universal covering spaces is isometric to 
seven geometries: S^, x M, ^ k, SL{2, M), Nil and Sol. Then 
admits an F-structure and hence it is a graph-manifold. 
Let us elaborate this issue in detail as follows. 

(i) If = M^/r is a fiat 3-manifold, then it is covered by 3- 
dimensional torus. Hence it is a graph-manifold. 

(ii) If = S^/r is a lens space, then its universal cover 5*^ admits 
the classical Hopf fibration: 

It follows that is a graph-manifold. 

(iii) If = (H^ X ]R)/r is a closed 3-manifold, then a theorem of 
Eberlein implies that a finite normal cover of is diffeo- 
morphic to A^^ x S^, where N"^ is a closed surface of genus > 1, 
(see Proposition 5.11 of |CCR01j . |CCR04j l 

(iv) If = {S'^ X ]R)/r, then a finite cover is isometric to 5^ x 5*^. 
Clearly, is a graph-manifold. We should point out that a 
quotient space (5*^ x S^)/7j2 may be homeomorphic to MP^^IRP^. 

(v) If = SL{2, R) /r, then a finite cover of is diffeomorphic 
to the unit tangent bundle of a closed surface iV| of genus k > 2. 
Thus, we may assume that = SN^ = {{x,v)\x e N^,v G 
Tx{Nl), \v\ = 1}. Clearly, there is a circle fibration 

^ Nl 

It follows that is a graph-manifold. 

(vi) If = Nil/r, then the universal cover 
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be the integer lattice group of Nil. A finite cover of is a 
circle bundle over a 2-torus. Therefore is a graph-manifold, 
which can be a diameter-collapsing manifold, 
(vii) If = Sol/r, then is foliated by tori, Mobius bands or Klein 
bottles, which is a graph-manifold. 

Let us consider a graph-manifold which is not a compact quotient of 

a homogeneous space. 

Example 3.3. Let be a surface of genus > 2 and with a boundary 
circle, for i = 1,2. Clearly , d{N^ x S^) = x S\ We glue Nf x to 
X N2 along their boundaries with 5'^-factor switched. The resulting 
manifold = {Nf x S^) U {S^ x A^|) does not admit a global circle 
fibration, but is a graph-manifold. 

As we pointed out above, S'^ x [a, b] can be collapsed to an interval 
[a, b] with non-negative curvature. Suppose that is a portion of 
collapsed 3- manifold such that W is diffeomorphic to x [a, b]. We 
need to glue extra solid handles to W so that our collapsed 3-manifold 
under consideration becomes a graph-manifold. For this purpose, we 
divided S'^ x [a, b] into three parts. In fact, S"^ with two disks removed, 

— {Dl U D2), is diffeomorphic to an annulus A. Thus, S"^ x [a, b] has 
a decomposition 

52 X [a, b] = [Dl X [a, b\) U {Dl x [a, 6]) U (A x [a, 6]). 

The product space A x [a, 6] clearly admits a free circle action, and 
hence is a graph-manifold. For solid cylinder part Df x [a, 6], if one can 
glue two solid cylinders together, then one might end up with a solid 
torus X S*^ which is again a graph-manifold. 

We will decompose a collapsed 3-manifold with curvature > — 1 
into four major parts according to the dimension k of limiting set X^: 

where int(X*) denotes the interior of the space X^. 

The portion V^^x^ of consists of union of closed, connected com- 
ponents of which admit Riemannian metric of non-negative sec- 
tional curvature. 

Proposition 3.4. Let V^,xo be a union of one of following: 

(1) a spherical ?>- dimensional space form; 

(2) a manifold double covered by S'^ x 5"^; 

(3) a closed fiat 3-manifold. 

Then V^^xo can be collapsed to a 0-dimensional manifold with non- 
negative curvature. Moreover, V^^xo 'is a graph-manifold. 
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We denote the regular part of by X^^g. Let us now recall a re- 
duction for the proof of Perelman's collapsing theorem due to Morgan- 
Tian. Earlier related work on 3-dimensional collapsing theory was done 
by Xiaochun Rong in his thesis, (cf. |Rong93| ) . 

Theorem 3.5 (Morgan-Tian [MTOSj . Compare |Rong93| ). Let {M^} 
be a sequence of compact 3-manifolds satisfying the hypothesis of The- 
orem 0.1' and Va^xo be as in Proposition 3.4 above. If, for sufficiently 
large a, there exist compact, co-dimension submanifolds V^,xi C 
and Va^x^^g C with dM^ C V^^x^ satisfying six conditions listed 
below, then Theorem 0.1 holds, where six conditions are: 

(1) Each connected component of V^^x^ is diffeomorphic to the follow- 
ing. 

(a) a T'^-bundle over or a union of two twisted I-bundle over 
the Klein bottle along their common boundary; 

(b) T"^ X I or S"^ X I, where I = [a, b] is a closed interval; 

(c) a compact 3-ball or the complement of an open 3-ball in MP^ 
which is homeomorphic to MP^ ix [0, |]; 

(d) a twisted I-bundle over the Klein bottle, or a solid torus. 

In particular, every boundary component of Va^x^ is either a 2- 
sphere or a 2-torus. 

(2) n v^,x?^^ = n {dv^,x?j; 

(3) If Nq is a 2-torus component of dV^^x^, then Nq C dVa^x^^g if and 
only if Nq is not boundary of dMj^; 

(4) // Nq is a 2-sphere component of dVa^x^, then Nq fl dVa^x^^^ is 
diffeomorphic to an annulus; 

(5) Va^x^^g is the total space of a locally trivial -bundle and the in- 
tersection Va^x^ n V^,x2g is saturated under this fibration; 

(6) The complement = [M^ — (Vq, U V^^x^ U Va^x^^g)] is a disjoint 
union of solid tori and solid cylinders. The boundary of each solid 
torus is a boundary component ofVa^x^^g, o,nd each solid cylinder 
D'^ X I in Wa meets V^x^ exactly in D"^ x dl . 



Proof. ( |MT08j ) The proof of Theorem 3.5 is purely topological, which 
has noting to do with the collapsing theory. 

Morgan and Tian |MT08j first verified Theorem 3.5 for special cases 
under additional assumption on V^^x^: 

(i) Kf^xi has no closed components; 

(ii) Each 2-sphere component of dV^^x^ bounds a 3-ball component 

of 

(iii) Each 2-torus component of dVa^x^ that is compressible in 
bounds a solid torus component of Va^x^. 
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The general case can be reduced to a special case by a purely topo- 
logical argument. □ 

Definition 3.6. // a collapsed 3-manifold has a decomposition 

Ml = K.,xo u K XI u v; x2 U 



X2 



satisfying six properties listed in Theorem 3. 5 and if Va xo is a union 



of closed 3-manifolds which admit smooth Riemannian metrics of non- 
negative sectional curvature, then such a decomposition is called an 
admissible decomposition of M^. 



In 
oiW~ 



Section 1 



we already discussed the part Va^mtix^) and a portion 
In next section, we discuss the collapsing part V^,int(xi) with 
spherical or toral fibers for our 3-manifold M^, where int(X*) is the 



interior of X* 



4. Collapsing with spherical and toral fibers 

In this section, we discuss the case when a sequence of metric balls 
{{B(^Mg,gf.){xa, ''^),Xa)} collapse to l-dimeusioual space (X^, Xoo)- There 
are only two choices of X^, either diffeomorphic to a circle or an interval 
[0,/]. 

By Perelman's fibration theorem |Per94j or Yamaguchi's fibration 
theorem, we can find an open neighborhood Ua of Xa such that, for 
sufficiently large a, there is a fibration 

Nl^U^^ int(Xi) 

where int(X^) is isometric to a circle 5*^ or an open interval (0, /). 



We will use the soul theory (e.g.. Theorem 2.11) to verify that a 
finite cover of the collapsing fiber must be homeomorphic to either 



a 2-sphere S or a 2-dimensional torus T , (see Figure 3 in §0) 

Let us begin with two examples of collapsing 3-manifold with toral 
fibers 

Example 4.1. Let = EI^/F be an oriented and non-compact quo- 
tient of such that has finite volume and has exactly one 
end. Suppose that ex : [0, oo) — )■ EI^/F be a geodesic ray. We consider 
the corresponding Busemann function ha-{x) = limt^+oo[t — d{x , a(t))]. 
For sufficiently large c, the sup-level subset Vc^x'^ = h~^{[c, +oo)) has 
special properties. It is well known that, in this case, the cusp end 
Vc^x'^ is diffeomorphic to x [c, -|-oo). Of course, the component 
V^ xi = X [c, -|-oo) admits a collapsing family of metric {ge}, such 
that {Vc^x'^,ge) is convergent to half line [c, -|-oo). □ 
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We would like to point out that 2-dimensional collapsing fibers can 
be collapsed at two different speeds. 

Example 4.2. Let = (R/eZ) x (R/e^Z) x [0, 1] be the product of 
rectangle torus ^2 and an interval. Let us fix a parametrization of 
Mf = {{e^'''\e^''^\u)\u G [0,l],s,t G R} and ge = e'^ds^ + e^dt^ + du^ . 
Then the re-scaled pointed spaces {((Mf , \ge), (1, 1, \))} are conver- 
gent to the limiting space {Y^.Uoo), where is isometric to x 
(-00, +oo). 

Similarly, when the collapsing fiber is homeomorphic to a 2-sphere 
S"^, the collapsing speeds could be different along longitudes and lati- 
tudes. We may assume that latitudes shrink at speed and longitudes 
shrink at speed e. For the same reason, after re-scaling, the limit space 
could be isometric to [0,1] x (— cx3, -|-oo). Thus, the non-compact 
limiting space Y^ could have boundary. □ 

Let us return to the proof of Perelman's collapsing theorem. Accord- 
ing to the second condition of Theorem 0.1, we consider a boundary 
component N"^-^^ C 5M^, where the diameter of N^x^ most 
Wq, — )■ as a — )• oo. Moreover, there exists a topologically trivial collar 
Va.x^ of length one and sectional curvatures of are between {—\—e) 
and (— I + £)• In this case, we have a trivial fibration: 

Tj->K,xi^[0,l] (4.1) 
such that the diameter of each fiber Ti^^^it) is at most [^-'-f— -Wa] by 

standard comparison theorem. As a — )■ +oo, the sequence {Va,x^} 
converge to an interval = [0, 1]. 

We are ready to work on the main result of this subsection. 

Theorem 4.3. Let {((M^, p^^fyf^"), Xq,)} be as in Theorem 0.1'. Sup- 
pose that an 1- dimensional space is contained in the 1-dimensional 
limiting space and Xa — Xoo is an interior point of X^. Then, for 
sufficiently large a, there exists a sequence of subsets Va^x^ C such 
that Va,x^ "is fibering over int(X^) with spherical or toral fibers. 

Nl ^ V;,int(xi) ^ int(X^) 

where is homeomorphic to a quotient of a 2-sphere S"^ or a 2-torus 
T\ 

When is oriented, is either S"^ or T^. 

Proof. As we pointed out above, since int(X^) is a 1-dimensional space, 
there exists a fibration 

^ V^,inux^) -> int(Xi) 
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for sufficiently large a. It remains to verify that the fiber is homeo- 
morphic to MP^ or Klein bottle TVZs. For this purpose, we use 
soul theory for possibly singular space with non-negative curvature. 

By our discussion, _B^-2^Q(a:Q,, 1) is homeomorphic to A*"^ x (0,/), 
where A*"^ is a closed 2-dimensional manifold. Thus, the distance func- 
tion r^^ix) = dp-2^a{xa,x) has at least one critical point i/a 7^ Xa in 
B -2 a{xa, 1), because B not contractible. Let be 

m&x{dp~2g^{xa,ya)\ya ^ Xa IS & Critical point of r^^ in _B^-2^c.(xa, 1)}. 

We claim that < < 1 and Aq, — )■ as a — )■ +00. To verify this 
assertion, we observe that the distance functions {r^^} are convergent 
to r^^ : — )■ M. By Perelman's convergent theorem, the trajectory 
of gradient semi-flow 

dt ~ |Vr,J2 
is convergent to the trajectory in the limit space X^: 

^ = Vr. (4.2) 
dt V ; 

(see |Petr07j or |KPT09] l 

Clearly, r^^ : X^ — )■ M has no critical value in (0, 6^0) for 600 > 0. 
Thus, for sufficiently large a, the distance function r^^ has no critical 
value in (Aq,, Soo — Sa), where A^ — and — >■ as a — )■ -|-oo. 

Let us now re-scale our metrics {Pa^g^j} by {A^;^} again. Suppose 
gfn = xw-^dij- Then a subsequence of the sequence of the pointed 
spaces {(M^, ^^•), Xq,} will converge to (F^, ?/oo)- The curvature of is 
greater than or equal to 0, because curv 1 « > — )■ as a — t- +00. 

Since the distance ry^{y) = d(?/,?/oo) has a critical point 2:00 7^ Voo 
with d(2oo,l/oo) < 1. Thus dim(F^) > 1. 

When dim(y^) = 3, we observe that Y^ has exactly two ends in our 
case. Thus Y^ admits a line and hence its metric splits. A soul A^^ 
of Y^ must be of 2-dimensional. Thus Y^ is isometric to A^^^ x M. It 
follows that the soul A^^^ of Y^ has non-negative curvature. By Perel- 
man's stability theorem, A"^ is homeomorphic to A^^ for sufficiently 
large a. A closed possibly singular surface A^^ of non-negative curva- 



00 

ture has been classified in Section 2 5^, MP^, or Klein bottle T"^ l%2- 
Let us consider the case of dim(y^) = 2. We may assume that the 
limiting space Y^ has exactly two ends. When Y'^ has no boundary, 
then the limit space is isometric to x M, because Y'^ has exactly two 
ends. By our discussion in §1-2, we have fibration structure 

S^^Ml-^ Yl (4.3) 
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for sufficiently large a. 

When has non-empty boundary (i.e., dY^ ^ 0), there are two 



subcases. If y^o € iiit(F^), by our discussion in Section 2, we still 



have A^^ ~ T^/F. If G c^Y"^, using Theorem 5.4 below, we see that 
A^"^ ~ [9-Ba/3(xq,, r)] ~ S"^ . This completes the proof of our theorem for 
all cases. □ 

In next section, we will discuss the end points or dX^ when = 
[0, 1] is an interval. In addition, we also discuss the 2-dimensional 
boundary dX'^ when X"^ is a surface with convex boundary. 

5. Collapsing to boundary points or endpoints of the 

limiting space 

Suppose that a sequence of 3-manifolds is collapsing to a lower di- 
mensional space X^. In previous sections we showed that there is (pos- 
sibly singular) fibration 

Nt' -> BMs{xa,r) ^ int(X^). 

In this section we will consider the points on the boundary of X*, we 
will divided our discussion into two cases: namely (1) when s = 1 and 
X^ is a closed interval; and (2) when s = 2 and is a surface with 
boundary. 

5.1. Collapsing to a surface with boundary. 

Since X"^ is a topological manifold with boundary, without loss of 
generality, we can assume that dX'^ = S^. First we provide two exam- 
ples to demonstrate that the collapsing could occur in many different 
ways. 

Example 5.1. Let Mf = x 5^ be a solid torus, where D"^ = 
{{x,y)\x'^ + y"^ < 1}. We will construct a family of metrics on the 
disk so that = (D^, g^) is converging to the interval [0, 1). It follows 
that if Mf = x 5*^ then the sequence of 3-spaces is converging to a 

finite cylinder: i.e., Mf ([0, 1) x S*^) as £ 0. 
For this purpose, we let 

= {{x,y,z) e W^\z^ = tan{^)[x^ + y% z >0,x^ + y^ + z^< 1} 

We further make a smooth perturbation around the vertex (0,0,0), 
while keeping curvature non-negative. Clearly, as e — >■ 0, the family of 
conic surfaces {-Df} collapses to an interval [0, 1). Let X'^ = [0, 1) x 5*^ 
be the limiting space. As e — )■ 0, our 3-manifolds Mf = x 

collapsed to with dX'^ ^ 0. 
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In this example, for every point p G dX'^, the space of direction 
Np(X'^) is a closed half circle with diameter tt. 

Example 5.2. In this example, we will construct the limiting surface 
with boundary corner points. Let us consider the unit circle — R/Z 
and let : — )■ be an involution given by ip{s) = —s. Then its 
quotient / {ip) is isometric to [0, ^]. Our target limiting surface will 
be = [0, 1) X [0, |]. Clearly, X"^ has boundary corner point with 
total angle |. 

To see that X"^ is a limit of smooth Riemannian 3-manifolds {Mf} 

e 

while keeping curvatures non-negative, we proceed as follows. We first 

viewed a 2-sheet cover as an orbit space of by a circle action. 
Let = D'^ ^ (MV(Z©Z)) and let {(re^^s,t)|0 <d< 27r,0 < 
s<l,0<t<l}bea parametrization of x and hence for 
its quotient N'^. There is a circle action tfj^ : N'^ ^ N'^ given by 
V'A(re^^s,t) = {re^^^+'^''^\s,t + X) for each e*^'^^ e S\ We also define 
an involution r : A^^ — )■ iV^ by T{re'^^, s, t) = (re*^, —s, t + It follows 
that TOT = id. Let x Z2 be subgroup generated by {r, ipx}x^s^- We 
introduce a family of metrics: 

= cir^ + rde^ + ds^ + e^dt^. 

The transformations {r, V'aIasSI remain isomctries for Riemannian man- 
ifolds {N^, Qe). Thus, Ml = {N"^, 9e)/{S^ ix ^2) is a smooth Riemannian 

3-manifold with non-negative curvature. It is easy to see that Mf is 

homeomorphic to a solid torus. As e — )■ 0, our Riemannian manifolds 
{Mf} collapse to a lower dimensional space = [0,1) x [0, |] = 

{(r, s)|0 < r < 1, < s < |}. The surface X^ has a corner point with 
total angle |. 

In above two examples, if we set a = -, then there exist an open 
subset Ua C and a continue map Ga '■ Ua X^ such that 
G~^{A) = Ua is homeomorphic to a solid torus, where A is an an- 
nular neighborhood of dX^ in X'^. 

Let us recall an observation of Perelman on the distance function 
rgx^ from the boundary dX^. 

Lemma 5.3. Let be a compact Alexandrov surface of curvature > c 
and with non-empty boundary dX"^ , = {p E X'^\d{p,dX'^) > e} 
and As = [X^ — fl-e]- Then, for sufficiently small e, the distance 
function rgx^ — dx2{-, dX^) from the boundary has no critical point in 
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Proof. We will use a calculation of Perelman and a result of Petrunin 
to complete the proof. By the definition, if has curvature > c, then 
dX"^ must be convex. For any x G dX"^, we let 6{x) = diam[Ei.(X^)] 
be the total tangent angle of the convex domain X^. It follows from 
the convexity < 6'(a:) < vr. 

We consider the distance function f{y) = dx'^iy, dX"^) for all y G X^. 
Perelman (cf. |Per91j page 33, line 1) calculated that 

|V/(x)| = sin(^) >0, 

for all X G dX'^. (Perelman stated his formula for spaces with non- 
negative curvature, but his proof using the first variational formula is 
applicable to our surface X^ with curvature > — 1). 

Corollary 1.3.5 of jPetr07j asserts that if there is a converging se- 
quence {xn} C X^ with Xn ^ X E dX"^ as 72 — > cxD then 

liminf|V/(x„)| > |V/(x)|. 

n— >-oo 

Since X^ is compact, it follows from the above discussion that there is 
an e > such that \Vf{y)\ > for G A^. □ 

We now recall a theorem of Shioya-Yamaguchi with our own proof. 
The proof of Shioya-Yamaguchi used a version of Margulis Lemma, 
which we will use our Theorem 1.17| in §1 instead. 



Theorem 5.4 ( |SYOO] page 2). Let {(M^,pa)} he a sequence of collaps- 
ing 3-manifolds as in Theorem 0.1'. Suppose that {(5^3 (Pa, ''^),Pa)} 
(X^,j9oo) with Poo G dX"^ and dX"^ is homeomorphic to . Then there 
is 6i > such that BM3{pa,Si) is homeomorphic to x I = for 
all sufficiently large a. 

Moreover, there exist an e > and a sequence of closed curves ipa '■ 
-> M3 with {ifaiS^)} dX^ as BM3{pa,r) ^ X^ such that a 
e-tubular neighborhood Ue[^a{,S^)] of (pa{S^) in is homeomorphic 
to a solid tori x for sufficiently large a. 



Proof. By conic lemma (cf. Proposition 1.7), the number of points 



p G dX with diam(Sp) < f is finite, denoted by {5i, ■ ■ ■ ,6^}. Since 



dX"^ ~ is compact, it follows from Proposition 1.15 that there is a 
common £ > such that (1) the distance function rp{y) = d{p,y) has 
not critical point in [Bx^i^p, i) — {p}]; and (2) Bx2{p,£) is homeomorphic 
to the upper half disk D^, for all p G dX^. 

Since dX"^ is homeomorphic to S^, we can approximate dX^ by a 
sequence of closed broken geodesies {a!^} with vertices {gi, ■ ■ ■ ,qj} C 
dX"^. We may assume that {&i, ■ ■ ■ ,bs} is a subset of {qi, ■ ■ ■ ,qj} for 
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all j > s. We also require that the distance between two consecutive 
vertices is less than c/j (i.e., dQx2{qi, qi+i) < j < |), for sufficiently 
large j. 

We now choose a sequence of finite sets {pf, ■ ■ ■ such that — )■ 
gj as a — J- cxD and {p", ■ ■ ■ ,p"} span an embedded broken geodesic 
in M^. It follows that 

o-i^-) ^ (5.1) 

as a — )■ oo. Therefor, we may assume that there is a sequence of smooth 
embedded curves ipa '■ ^ such that 

^a{S^) dX^ (5.2) 

as — )■ X^. Thus, when {z{BM3{pa,r),Pa)} — ^ (-^^5 Poo), the cor- 

responding closed curves (pct{S'^) — > dX^ in the Gromov-Hausdorff 
topology, as -> X^. 

We now choose a sufficiently large jo and divide our closed curve 
Lfa '■ ^ into jo-many arcs of constant speed: 

(Pa,i : [ai, tti+i] Ml 

for z = 0, 1, ■ ■ ■ , jo, where v?a(ajo+i) = V^qI^o)- 
For a fixed we let 

^a,s = ^a{[ai + s,aj+i - s]) 

and Qa^i = (paidi)- We will show that there is an Si such that 

U.XAlo) = BM|,{qa,^,e^) U UsXAU U 5M3(g„,.+i,£.) (5.3) 

is homeomorphic to the unit 3-ball D^. Our theorem will follow from 
(5.3). It remains to establish ( |5.3 ). 

We will show that each of {BM3{qa,i, ^i), f4,(^L,s)) ^M3(ga,j+i, £«)} is 
homeomorphic to D^. 

For UeX^^a s)i ^6 fi^st observe that dX"^ is convex. Thus, the bound- 
ary arc v5oo([aj + s, ttj+i — s]) C (9X^ is a Perelman-Sharafutdinov semi- 
gradient curve of the distance function r^^^d/) = dx2(y, goo,j)- We 
already choose £ sufficiently small and jo sufficiently large so that r^^ ^ 
has no critical point on [Bx2{qoo,i,C-) — {qoo,i}]- By our construction. 



we have rq^^{-) — )■ .(■), as a — )■ 00. It follows from Proposition 1.14 
that the distance function has no critical points on U£^{A^^ ,,). Using 
Perelman's fibration theorem, we obtain a fibration 

It follows that UeXK,s) ~ X - s)]. We will first use 

rem 1.17|and its proof to show that dN'^^ ~ S^. 



Theo- 
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Let Eq be given by Lemma 5.3 and ra{y) = dM'i{y,fa{S^))- By the 
proof of Theorem 1.17, the map Fa{z) = {vq^ -{z),ra{z)) is regular on 
ZU'/'^'eo) = [U,MC)-Us/2{Al,)-BMi,{qa,,e,)-BMs{qa,+ue,)]. 

There is a circle fibration — )■ Z^j(|,eo) This proves that 

dNl^ ~ S\ It follows that Hi, = {d[U,XAls)] " BM^iqa^Si) - 
BM3{qa,i+i,£i)} is homeomorphic to a cylinder x {s,ia,i — s). Using 
two points suspension of the cylinder H^,, we can further show that 

It remains to show that ^^.(A^j,) ~ for sufficiently small Ei > 0. 
Suppose contrary, we argue as follows. Using [Proposition 1.14 , we see 



that Tq, has no critical points in [[/^^(A^ ^) — Us^/2{A^a s)]- Let Aq be the 
largest critical value of in ^/^^(A^^). By our assumption, Aq — )■ as 
a — )■ oo. We now consider a sequence of re-scaled spaces {(^M^, qa^i)}. 
Its sub-sequence converges to a limiting space (^^,^00^.,). Recall that 



dim(X^) = 2. For the same reason as in the proof of Proposition 2.3 
we can show that dim(Y'^) = 3 and that has no boundary. Let 
be the soul of Y^. There are three possibilities 



(1) If the soul is a point, then by Theorem 2.11 we obtain that 
~ M?. It follows that ^/^.(Aj^.J ~ D'-^ by Perelman's stability 

theorem, we are done. 

(2) If the soul is a circle, then Y^ (or its double cover) is isometric 
to X Z"^, where Z"^ is homeomorphic to M^. Let (^oo(I^) be the limit 
curve in the re-scaled limit space Y^. Since Y^ (or its double cover) 
is isometric to x Z"^, we have Uri^fooii—R, R])) is homeomorphic to 

X D^. By Perelman's stability theorem, we would have d[Us^ (A^ ^)] ~ 
d[S^ X D'^] ~ T^, which contradicts to the assertion <9[f/e^(v4^^^)] ~ 5^. 

(3) If the soul of Y^ has dimension 2, then it follows from that 
the infinity of Y^ would have at most two points. However, since 
dim(X^) = 2, the infinity of Y^ has an arc, a contradiction. This 
completes the proof of 17^X^1^ g) ~ for sufficiently large a. 

With extra efforts, we can also show that BM^{qa,i,£) ~ for 
sufficiently large a. Hence, Ue[ipaiS^)] ~ UDf ~ [D'^ x S'^]. This 
completes our proof. □ 

5.2. Collapsing to a closed interval. 

Since all our discussions in this sub-section are semi-local, we may 
have the following setup: 

hm (M3,p,) = (/,0) (5.4) 



52 JIANGUO CAO AND JIAN GE 

in the pointed Gromov-Hausdorff distance, and / = [0, £] is an interval, 
O e / is an endpoint of /. We will study the topology of BM3{pa,T) 
for a given small r. 

We begin with four examples to illustrate how smooth Riemannian 3- 
manifolds collapse to an interval [0, with curvature bounded from 
below. Collapsing manifolds in these manifolds are homeomorphic to 
one of the following: {D^ [MP^ - D^S"" x D'^.K^ K [0, |]}, where 
^{xe m?\\x\ < 1} and K'^ is the Klein bottle. 

Example 5.5. (M^ is homeomorphic to D^). For each e > 0, we 
consider a convex hypersurface in as follows. We glue a lower half 
of the 3-sphere 

S^_ = {{xi,X2,xs,X4) e W^\Q < X4 < e,xl + xl + xl+ {x4 — e)^ — e^} 
to a finite cylinder 

S"^ X [e, 1] = {{xi,X2,X3,X4) G M.'^le < X4 < 1, + + 2:3 = e'^}. 

Our 3- manifold ^ Li (S^ x [s,l]) collapse to the unit interval 
as £ — )■ 0. 

For other cases, we consider the following example. 

Example 5.6. (M^ homeomorphic to x D'^). Let us glue a lower 
half of 2- sphere 

Sl_ = {{xi, X2, X3) e M^|0 < < £, xj + xl + {X3 - = s^} 
to a finite cyhnder Si x [e,l\. The resulting disk 

D', = Sl_ U {Si X [e, 1]) 
is converge to unit interval, as £ — > 0. We could choose Mf — SI2 x D^. 
It is clear that Mf [0, 1] as £ ^ 0. 

We now would like to consider the remaining cases. Of course, two 
un-oriented surfaces MP^ = Sl/T? and K"^ = T^/Z2 would converge to 
a point, as £ — >■ 0. However, the twisted /-bundle over RP^ (or K'^) is 
homeomorphic to an oriented manifold RP^ x [0, |] = [RP^ - D^] (or 
^2 1^ [0, |] = MoxS^), where Mo is the Mobius band. 

Example 5.7. (M^ homeomorphic to RP^ x [0, |] or Mox^"^). 

Let us first consider round sphere -S"^ = {(xi, X2, a;3)]R^| |a;| = e}. 
There is an orientation preserving involution r : R"^ x [— |, |] given by 
T{x,t) = {—x,—t). Suppose that (r) = Z2 is the subgroup generated 
by T. Thus, the quotient of S^ x [— |, |] is an orientable manifold 
RP^ X [0, |] = [RP^ 
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Similarly, we can consider the case of x [0, ^] — [0, \], where 
is a Klein bottle. 

Shioya and Yamaguchi showed that the above examples exhausted 
all cases up to homeomorphisms. 

Theorem 5.8 (Theorem 0.5 of [SYOO] ). Suppose that\\ma^+oo{Ml^,pa) 
{1,0) with curvature > —1 and I = [0,i]. Then is homeomorphic 
to a gluing of Co and Ce to N"^ x (0, 1), where Cq and Ce are homeo- 
morphic to one of {D^, [MP^ - D% x D^,K'^ x [0, |]} and is a 
quotient of or S"^ . 



For the proof of Theorem 5.8, we need to establish two preliminary 



results (see Theorem 5.9 - 5.10 below). Let us consider possible excep- 
tional orbits in the Seifert fibration 

Ml int(r2) (5.5) 

for sufficiently large a. We emphasize that the topological structure 
of depends on the number of extremal points (or called essential 
singularities) of Y"^ in this case. Moreover, the topological structure 
of also depends on the type of essential singularity of F^, when 



we glue a pair of solid tori together, (see (5.16) below). Therefore, we 



need the following theorem with a new proof. 

Theorem 5.9 (Compare with Corollary 14.4 of |SYOO] ). Let he a 

connected, non-compact and complete surface with non-negative curva- 
ture and with possible boundary. Then the following is true. 

(i) // has no boundary, then Y^ has at most two extremal points 
(or essential singularities). When Y^ has exactly two extremal 
points, is isometric to the double dbl([0,£] x [0, oo)) of the flat 
half strip. 

(ii) IfY"^ has non-empty boundary OY"^ ^ 0, then Y"^ has at most one 
interior essential singularity. 

Proof. For (i), we will use the multi-step Perelman-Sharafutdinov semi- 
flows to carry out the proof. For the assertion (i), we consider the 
Cheeger-Gromoll type Busemann function 

f{y) = lim[t-d(y,95y2(yo,t))]. (5.6) 



In Section 2, we already showed that Vt^ = /^^((— oo,c]) is compact 
for any finite c. Let oq = mi{f{y)\y G F^}. Then the level set flao = 
F~^{ao) has dimension at most 1. Recall that Qao is convex by the soul 
theory. Thus, Qao is either a point or isometric to a length-minimizing 
geodesic segment: : [0,i] Y^. 
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Case a. If VLao = {zq} is a point soul of Y"^, by an observation of 
Grove |Grv93j we see that the distance function r{y) = d{y, zq) has no 
critical point in [Y"^ — {^o}]- It follows that zq is only possible extremal 
point of Y"^. 

Case b. If = (To([0,£]), then for s e (0,£) Petrunin |Petr07j ] 
showed that T^^^^j(F^) = M^. Hence, two endpoints o"o(0) and (Jo{i) 
are only two possible extremal points of Y"^. 

Suppose that Y"^ has exactly two extremal points cto(O) and <Jo{i). 
We choose two geodesic rays ipo '■ [0, oo) — )■ Y"^ and ipe '■ [0, oo) — )■ Y'^ 
from two extremal points o"o(0) and (Jo{i) respectively. The broken 
geodesic T = ao U ipo ^ i'l divides our space Y^ into two connected 
components: 

[Y^ -T] = n_U Q+. (5.7) 
We now consider the distance function 

w±{u) = dn^{^i{u),^o{u)). (5.8) 

Let us consider the Perelman-Sharafutdinov semi-gradient flow = 
V(— /)|^ for Busemann function —f{w). Recall that the semi-flow is 
distance non-increasing, since the curvature is non-negative. Hence, 
we see that t w±{u — t) is a non-increasing function of t G [0,u]. It 
follows that 

w±{u) > w±{0) = i (5.9) 

for u > 0. On other hand, we could use multi-step geodesic triangle 
comparison theorem as in |CDM09j to verify that 

w±{u) < w±{0) = i (5.10) 

with equality holds if and only if four points {cro(O), 0-0(^)5 i^eiu), ipo{u)} 
span a flat rectangle in Q±. Therefore, Q± is isometric to [0, i] x [0, 00). 
It follows that is isometric to the double dbl([0,£] x [0, 00)). 

The second assertion (ii) follows from (i) by using dbl(y^). □ 

For compact surfaces of non-negative curvature, we use an obser- 
vation of Perelman ( |Per91j page 31) together with multi-step Perelman- 
Sharafutdinov semi-fiows, in order to estimate the number of extremal 
points in X^. 

Theorem 5.10. (1) Suppose that X"^ is a compact and oriented surface 
with non-negative curvature and with non-empty boundary dX^ 7^ 0. 
Then X"^ has at most two interior extremal points. When has two 
interior extremal points, then X"^ is isometric to a gluing of two copies 
of flat rectangle along their three corresponding sides. 

(2) Suppose that X"^ is a closed and oriented surface with non-negative 
curvature. Then X"^ has at most four extremal points. 
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Proof. (1) We consider the double dhl{X^) of X\ If dh\{X^) is not 
simply-connected and if it is an oriented surface with non-negative 
curvature, then we already showed that dbl(X^) is a fiat torus. 

We may assume that is homeomorphic to a disk: = and 
dX"^ = S\ Let X_e = {x e X^\d{x,dX^) > e}. Perelman [Per91J 
already showed that X_^ remains to be convex, (see also (CDMOQJ). 
If ao = max{d{x,dX^)}, then X_aQ is either a geodesic segment or a 
single point set. Thus, X"^ has at most two interior extremal points. 



The rest of the proof is the same as that of Theorem 5.9 with minor 
modifications. 

(2) Suppose that X"^ has 2 distinct extremal points p and q. Let N 
be a geodesic segment connecting p and q. We need to show for the 
function /(x) = dAr(a;) = d{N, x) is concave for all x G X'^\N. Clearly 
for X G X"^ \ N there exists xn & N such that |xxiv| = d(a;, N). There 
are two possibilities: 

(i) Xjsi is in the interior of N, then proof of the concavity of / is ex- 
actly same as the one of Theorem 6.1 in |Per91] (see also |Petr07] 
pl56 and [CDHQ9|). 

(ii) xn is one of the endpoints, say p, then by first variational formula 
we have 

dj:,{r,,n)>l ^^-^^^ 

where denotes the set of directions of geodesies from p to x 
in Sp. On the other hand, by our assumption p is an interior 
extremal point so 

diamEp < J (5.12) 



Combine (5.11) and (5.12) we have 



TT 



The rest of the proof is same as the one of Theorem 6.1 in |Per91] (or 
|Petrn7] . [CDHQ9]). 

Hence, we have shown that / is concave function on \ N. Let 
A be the maximum set. Then fli is either a geodesic segment or one 
point. Thus, \ N contains at most 2 extremal points by our proof 
of (1). Therefore, the number of total extremal points is at most 4. □ 

The case of exactly 4 extremal points on a topological 2-sphere can be 



illustrated in Figure 8 Let us now complete the proof of Theorem 5.8 



Proof of ITheorem 5.8} 
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Gluing along 
the arrow direction 




Figure 8. A 2-sphere 5*^ with 4 essential singularities 
The proof is due to Shioya-Yamaguchi [SYOOj . Our new contribution 



is the simplified proof of Theorem 5.9, which will be used in the study 



of subcases (l.b) and (2.b) below. For the convenience of readers, we 
provide a detailed argument here. 



Recall that in Section 4 we already constructed a fibration 

Nl^U^^ int(X^) 

with shrinking fiber A*"^ is homeomorphic to either S*^ or for suffi- 
ciently large a. 

When {pa} — ^ Poo £ dX^, since the fibers {N"^} are shrinking, we 
may assume that 

dBMi{Pa.5) = S^ or dBMi{Pa,6) = T^ (5.13) 

for sufficiently large a, where = [0,i] and 6 = i/2. 

If there exists an Eq such that r„(x) = dM3{x,Pa) has no criti- 



cal points on the punctured ball [-84/3 (pq,, Sq) — {Pa}] for sufficiently 



large a, then, using the proof of [Proposition 1.7[ we can sho w that 
BM3{Pa,£o) ~ for sufficiently large a. Thus, conclusion of Theo- 



Irem 5.81 holds for this case. 

Otherwise, there exists a subsequence {Sa} — > such that ra{x) = 
dM3{x,pa) has a critical point with d{pa,qa) = £a- It follows that 



— )■ {Y'',Poo). Using a similar argument as in the proof 



of Proposition 2.3 we can show that the limiting space Y'' has non- 
negative curvature and dim(y'^) = k > 2, where pa is the image of pa 



under the re-scaling. There are two cases described in (5.13) above. 
Case 1. dBM3{pa,S) = S^. 

If BM^ipa, is homeomorphic to D^, then no further verification is 
needed. Otherwise, we may assume Bms {pa, ^) 7^ and dBjip {pa, S) = 
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Under these two assumptions, we would like to verify that Bm^ {pa, 
is homeomorphic to MP^ x /. There are two sub-cases: 

Subcase l.a. If dimF = 3, then is non-negatively curved, open 
and complete. Let A^'^ be a soul of Y^. 

Using Perelman's stability theorem, we claim that the soul A^'^ can- 
not be S^. Otherwise the boundary of BMgipai^) would be T^, a 
contradiction. For the same reason, the soul cannot be or K^. 
Otherwise the boundary dBM^ipa^^) would be homeomorphic to T^, 
contradicts to our assumption. Because the boundary of BM^ipai^) 
only consists of one component, the soul of A^^ of Y cannot be 5*^; 
otherwise we would have ~ S*^ x M and dBpi^^Pa, 5) ~ 5*^ U S^, a 
contradiction. 

Therefore, we have demonstrated that the soul N'' must be either 
a point or MPl It follows that either By{N^,R) = or MP^ x / 
by soul theorem. Hence, we conclude that By{N^ ,R) = MP^ x / for 
sufficiently large R. Using Perelman's stability theorem, we conclude 
that BM3{pa, 5) is homeomorphic to MP^ x / for this sub-case. 

Subcase l.b. If dimF = 2, i.e. F is a surface with possibly non- 
empty boundary. First we claim dY ^ 0. For any fixed r > 0, we 
have 

aSM3(pa,r) = 5' (5.14) 
by our assumption that the regular fiber is S*^. Suppose contrary. 



dY^ = 0. We would have F ^ (or a Mobius band) by Theo- 



rem 2.6 because Y^ has one end. Thus, for sufficiently large R we 
have dByipoo, R) = S^. Applying fibration theorem for the collapsing 
to the surface case, we would further have 

dBM^{Pa,R)=T^ 



which contradicts to our boundary condition (5.14). Hence, Y has 
non-empty boundary: dY"^ ^ 0. 



Since has one end and dY"^ 7^ 0, by Corollary 2.9 we know that 
Y"^ is homeomorphic to either upper-half plane [0, 00) x M or isometric 
a half cylinder. By previous argument, can not be isometric to a 
half cylinder. Hence, we have 

r^^[0,oo)xM (5.15) 

and that dY is a non-compact set. 

We further observe that if poo is a boundary point of y^, then, by 



Theorem 5.4[ we would have 

Bui{Pa.r) = \Dl^l\ = D^ 
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where D\ is closed half disk, a contradiction. 

Thus we may assume that poo is an interior point of Y"^. Let us 
consider the Seifert fiber projection Bj_j^j3{pa, R) Byipoo^R) for 
some large R. If By{Poo,R) contains no interior extremal point, then 



Theorem 5.4 



by the proof of 
D^, a contradiction. There 



one would have B 



{Pa, R) 

ore, there exists an extremal point inside 
B{poo,R). Without loss of generality, we may assume this extremal 

point is O. 

By Theorem 5.9 and the fact that dY^ ^ 0, we observe that Y"^ has 
at most one interior extremal point. In our case, Y^ is isometric to the 
following flat surface with a singularity. Let Q = [0, h] x [0, oo) be a 
half flat strip and F = {{x,y) G fl\xy = 0} C dQ. Our singular fiat 
surface Y^ is isometric to a gluing two copies of Q along the curve F. 

The picture of By{0,R) for large R will look like Figure 9, where 
the bold line denotes dY fl By{0,R). By our assumption, we have 




Figure 9. A metric disk By2{0,R) in for large R 

dB{pa,R) = 5*^. Thus we can glue a 3-ball to B{pa,R) along 
dB{pa,R) = 5*^ to get a new closed 3- manifold M^. 
Recall that we have a (possibly singular) fibration 

^B{p^,R) ^mt{Y^). 



By [Theorem 2lj we have G-\By2{0, h/2)) ^ D'^ x S\ With some 
efforts, we can further show that [M^ - G-i(5y2(0, h/A))] = x D^. 

The exception al orbit G~^{0) is corresponding to the case of ttiq = 2 
in Example 2.0 Finally we conclude that is homeomorphic to real 



projective 3-space: 

^ {D^ X S^) U^^^ {S^ X D^) = RF\ (5.16) 
Therefore, by our construction, we have 

BM^iPa, S) = [Ml \ D^] = [MP2 \ D'^] = X /. 
This completes the first part of our proof for the case of OBm* {Pa, = 
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Case 2. If dBMiiPa-,^) = T"^-, our discussion will be similar to 
the previous case with some modifications. In fact, there are still two 
sub-cases: 

Subcase 2. a. If dimF = 3, then the Y has a soul A^^. We as- 
sert that cannot be a point nor S"^ nor MP^ because the boundary 
dBMgipa, 5) = T^- In addition, we observe that A^^ cannot be since 
the boundary of BMsiPa,^) consists only one component. Therefore, 
there are two remaining cases: A^*^ is homeomorphic to either or 
Klein bottle K^. If the soul is then BM3{pa,S) = D"^ x S^. Simi- 
larly, if soul is K"^, then BM3{Pa,S) = K"^ ^ I. 

Subcase 2.b. dimy = 2. It is clear that our limiting space Y"^ is 
non-compact. 

If dY^ = 0, we proceed as follows, (i) When the soul of Y^ is 5*^, 
by the connectedness of dBMgipa, 5) we know that F is a open Mobius 
band. Therefore, BM3{Pa,S) is homeomorphic to product of Mobius 
band and S^, i.e. a twist /-bundle over K^. (ii) When the soul of Y^ is 
a single point, F = M^, which is non-compact. By Theorem 5.9 we see 
that the number k of extremal points in Y'^ is at most 2. Recall that 

there is (possibly singular) fibration: — )■ -8^3(^0, 5) — ^ int(F^). If 
A; < 1, we have BMs{pa,5) = S*^ x D'^. U k = 2, by [Theorem 5.9| we 
can further show that BMsiPa,^) = ix /. 

Let us now handle the remaining subcase when dY^ 7^ is not 
empty. By a similar argument as in subcase l.b above, we conclude that 
Bu^iPa, ^) is homeomorphic to either MP^ k / or D^, which contradicts 
to our assumption dB^slpayS) = T^. 



This completes the proof of Theorem 5.8 for all cases. □ 



6. Gluing logal fibration structures and 
Cheeger-Gromov's compatibility condition 

In this section, we complete the proof of Perelman's collapsing theo- 
rem for 3-manifolds (Theorem 0.1'). In previous five sections, we made 
progress in decomposing each collapsing 3-manifold into several 
parts: 

= Va,xo U V;,xi U K.,int(x2) U (6.1) 
where V^^xo is a union of closed smooth 3-manifolds of non-negative 
sectional curvature, V^^xi is a union of fibrations over 1-dimensional 
spaces with spherical or toral fibers and VQ,^int(x2) admits locally defined 
almost free circle actions. 

Extra cares are needed to specify the definition of Va^x^ for each 
a. For example, we need to choose specific parameters for collapsing 
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3-manifolds {M^} so that the decomposition in (6.1) becomes well- 
defined. The choices of parameters can be made in a similar way as in 



Section 3 of jSYOH] . 



Theorem 6.0. Suppose that {(M^, g"")} be as in Theorem 0.1 and that 



has no connected components which admit metrics of non-negative 
curvature. Then there are two small constants {ci,ei} such that 

V;,xi = {xGM^ I dG//(i?(M3,p-2,5)(x,l),[0,£])<£i} 

and 

Va,x^ = {xe Ml\Vo\{Bg4x,pa{x))) < ci£i[p„(x)]3} 



(6.8) below. 



which are described as in (6.1) above and {paix)} satisfy inequality 



Proof. Recall that if the pointed Riemannian manifolds {((M^, Pa'^gij),Xa)} 



converge to (X 
and hence 



,Xoo), then by our assumption we have diam(X'^) > 1 

1 < dim[X^] < 2. 
Therefore, there are two cases: (1) dim[X^] = 1 and (2) dim[X'^] = 2. 



Case 1. dim[X^] = 1. By the proof of Theorem 5.8, there exists £i > 
such that if 

then -B(jv/3 )(-''' -'-) admits a possibly singular fibration over [0, 1], 
where the curvature of the Pa^g'^j is bounded below by —1. Clearly, £ 
must satisfy 1 — £:i<£<2 + £:i. 



If the inequality (6.2 ) holds, then the unit metric ball is very thin and 



can be covered by at most — many small metric balls {-B(jvf3 p^^g")(%'' ^^i)}- 
By Bishop volume comparison theorem, we have a volume estimate: 



Af 

Vol[i^(M3,p-,.)(x,l)] < -Co[sinh(2£i)]' < cliel 

In this case, we set x G Va^x^. 
Case 2. dim[X'^] = 2. There are two subcases for 



(6.3) 



'■GH 



(5( 



(X, l),Bx2{Xoo, 1)) < 62 



(6.4) 



Subcase 2a. The metric disk Bx^{xoo, 1) has small area. 

In this subcase, one can choose constant 52 > such that if a metric 
disk in X"^ with radius r satisfies 1/2 < r < 1 and area < 82 then by 
comparison theorems one can prove 

dGH(5x2(Xoo,l),[0,^]) <£i/3 (6.5) 
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for some i > 0. It follows that 
dG//(5(Af3,p-2gg)(a;a,l), [0,^]) < dGH(%/3,p-2<;g)(a;a,l),5x2(a;oo,l)) 

^ 3 + 3 -^^^ 

We can now view the ball B -2 a {xa, 1) is fibred over [0,i], instead 

of fibred over the disk Bx^{xoo, !)• 

In this subcase, we let Xa be in both V^^x^ and V^^x^- 

Subcase 2b. The metric disk Bx^^Xoo, 1) is very fat (thick). 

In this subcase, we may assume that the length of metric circle 
dBx^i^Xocr) is 100 times greater than ei for r G [^,1]- Hence, the 
length of collapsing fiber F~^{z) for z G dBx2{xoo, r). Thus, the metric 
spheres {dBf^j^s ^~2ga~j{xa,r)} collapse in only one direction. Because 

Ga is an almost metric submersion due to Perelman's semi-fiow con- 
vergence theorem, (cf. [Proposition 1.14 above), volumes of metric balls 
collapse at an order o{ei): 

Vol[5(^3,p-23g)(x,r)] < ciEir^ (6.6) 

for r G 1]. Moreover, the free homotopy class of collapsing fibers is 
unique in the annular region A^^j^p p-2g<^,){xa, |, 1). 

By the discussion above, we have the following decomposition of the 
manifold for a large. More precisely, for sufficiently large a, 
has decomposition 

where Wa contains collapsing parts near dX^ and dX"^ described in 



Section 5 above. This completes the proof. □ 



Let us now recall an observation of Morgan-Tian about the choices 
of functions {pa{x)} and volume collapsing factors {wa}- 

Proposition 6.1 (Morgan-Tian |MT08] ). Let M^,Wa and Pq{x) be as 
in Theorem 0.1'. Suppose that none of connected components of 
admits a smooth Riemannian metric of non-negative sectional curva- 
ture. Then, by changing by a factor c independent of a, we can 
choose Pa so that 

Pa{x) < dim(M3) (6.7) 

and 

Pa{y) < Pa{x) < 2pa{y) (6.8) 

for all ye Bg^{x,f) 
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Proof, (cf. Proof of Lemma 1.5 of |MT08] ) Since there is a typo in 
Morgan-Tian's argument, for convenience of readers, we reproduce 
their argument with minor corrections. 
Let us choose 

Co = max < ^7^- — ; — — — 

o<s<i 1^47r Jq (sinhu)2rfn 

For each connected component N^j of M^, the Riemannian sectional 
curvature of N^j can not be everywhere non-negative. Thus, for each 
X G N^j, there is a maximum r = ra{x) > Pa{x) such that sectional 
curvature of on Bg^{x,r) is greater than or equal to — ^. Conse- 
quently, curvature of on Bj^^^^x, 1) is > —1. By Bishop-Gromov 
relative comparison theorem and our assumption Vol{Bg^{x, pa)) < 
WaPa, we have 

Vo\{Bg^{x,r)) = r'Vo\[Bj^^Jx, 1)] < r'^^Vol{Bj^^Jx, ^)) 

- ^'''^'\yoi{Bg^{x,p^))<^^^^wy^ 



'hyp I 



(6.9) 



where l^yp(s) is the volume of the ball Bfi3{po,s) of radius s in 3- 
dimensional hyperbolic space with constant negative curvature —1. 

Let C = CoVhyp be a constant number independent of a, and Rrrig 
be the sectional curvature of the metric g. We now replace pa{x) by 

pI{x) = max{r\RmgjB,^ix,r) > -^} (6-10) 
Our new choice p* (x) clearly satisfies 

p:(x) < diam(M3) 

1 (6.11) 

^Plix) <pl{y) < 2pl{x) 

for all y G Bg^{x, ^) and x G M^. □ 

Our next goal in this section is to show that we can perturb our 
decomposition above along their boundaries so that the new decom- 
position admits an F-structure in the sense of Cheeger-Gromov, and 
hence is a graph manifold for sufficiently large a. Let us begin with 
a special case. 
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6.1. Perelman's collapsing theorem for a special case. 

In this subsection, we prove Theorem 0.1' for a special case when 
Perelman's fibrations are assumed to be circle fibrations or toral fibra- 
tions. In next sub-section, we reduce the general case to the special 
case, (i.e. the case when no spherical fibration occurred). 



As we pointed out earlier, for the proof of [Theorem 0.1| it is suffi- 
cient to verify that admits an F-structure of positive rank in the 
sense of Cheeger-Gromov for sufficiently large a, (cf. |CG86j . |CG90j . 
Rong93| ). 



Recall that an F-structure on a 3-manifold is a collection of 
charts {(f/j, l^,T'^')} such that T'^' acts on a finite normal cover Vi of 
Ui and the T^'-action on Vi commutes with deck transformation on V^. 
Moreover the tori-group actions satisfy a compatibility condition on 
any possible overlaps. 

Let us state compatibility condition as follows. 

Definition 6.2 (Cheeger-Gromov's compatibility condition). 

Let {(f/j, Vi, T^')} be a collection of charts as above. If, for any two 
charts {Ui,Vi,T''^) and {Uj,Vj,T^^) with non-empty intersection Ui fl 
Uj 7^ and with ki < kj, the T^' actions commutes with the T^^- 
actions on a finite normal cover of Ui fl Uj after re-parametrization 
if needed, then the collection {(f/j, V^, T'^*)} is said to satisfy Cheeger- 
Gromov's compatibility condition. 

For the purpose of this paper, since our manifolds under considera- 
tion are 3-dimension, the choice of free tori T^^ actions must be either 
circle action or 2-dimensional torus action. Thus we only have to con- 
sider following three possibilities: 

(i) Both overlapping charts {Ui, Vi, S^) and {Uj, Vj, S^) admit almost 
free circle actions; 

(ii) Both overlapping charts {Ui, Vi, T^) and {Uj, Vj, T^) admit almost 
free torus actions; 

(iii) There are a circle action {Ui, Vi, S^) and a torus-action {Uj, Vj, T^) 
with non-empty intersection U (1 Uj ^ 0. 

Let us begin with the sub-case (ii). 

Proposition 6.3. Let Ua,ii and Ua,i2 be two overlapping open subsets 
in Ua^x^ with toral fibers Ff^ = Ff^ = described in Section 4 Suppose 



that Ua^i^ n Ua^i^ 7^ 0. Then we can modify charts {Ua,i^,Va^i^,T'^) so 
that the perturbed torus-actions on modified charts satisfy the Cheeger- 
Gromov's compatibility condition. 
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Proof. Recall that in Section 4 we worked on the following diagrams 

fil Tn, TT -^'S -n-D 



Ua,ii 



u, 



G-H 



x! 



and 



G-H 



Without loss of generality, we may assume that Xj^ = (aj^,6j^^ 



and 

Xi^ = (ai^,bi^) with non-empty intersection Xj^ H = {ai^,bij ^ 0, 



«2 V"'«2 5 "^«2y 

where < < < fojj- Let {Ai,A2} be a partition of unity of 
[ajjjfojj] corresponding to the open cover {(aj^, 6jJ, (a^j, fej^))}. After 
choosing ± sign and Ai, A2 carefully, we may assume that 

/(t) = Ai(t)^(t)±A2(t)4(t) 

will not have any critical point t G [aj^jfojj]. We also require that 
/ : Xj^ U Xj2 — )■ M is a regular function in the sen se of Perelman (i.e . 
/ is a composition of distance function given by 



Definition 1.8 



1.9) 



Thus, we can lift the admissible function / to a function 



fa ■ Ua^ii U Ua,i2 ^ 



such that 



for y e [Ua,i^ U Ua,i2], fa 



fo,,^, on pli^ 



U. 



and fa = f 



on [U*^^ — U*i_^], where [/* is a perturbation of Ua,ii and U*^^ is 
perturbation of Ua,i2- Thus there is a new perturbed torus fibration. 



^ Ua,i, U Ua,i2 ^ Y\ 



This completes the proof. 



□ 



Similarly, we can modify admissible maps to glue two circle actions 
together. 

Proposition 6.4. Let Ua,ii and Ua,i2 be two open sets contained in 
Ua,x2^ corresponding to a decomposition of described in Section 1 . 
Suppose that two charts {{Ua,i^,Va,i^, S^),{Ua^i^,Va^i^, S^)} have non- 
empty overlap Ua^i^ H Ua,i2 7^ 0- Then the union Ua^i^ U Ua,i2 admits a 
global circle action after some modifications when needed. 

Proof. We may assume that, in the limiting processes of f/a.ii — ^ Xf 
and Ua,ii — >■ Xf, both limiting surfaces Xf and X| are fat (having rela- 
tively large area growth). For the remaining cases when either Xf and 
X| are relatively thin, by the proof of Theorem 6.0 we can view either 



PERELMAN'S COLLAPSING THEOREM FOR 3-MANIFOLDS 



65 



Ua,ii or Ua,ii is a portion of V^^x^ instead. These remaining situations 



can be handled by either Proposition 6.3 above or Proposition 6.5 below 
respectively. 



As we pointed out in Section 1 2 the exceptional orbits are isolated. 
Without loss of generality, we may assume that there is no exceptional 
circle orbits occurs in the overlap Ua,ii H Ua,i2- 

Since both limiting surfaces Xf and X| are very fat, the lengths of 
metric circles dBx2{xoo,i,f) is at least 100 times larger than Si, which 
is great than the length of collapsing fibers, where r e [|, !]• Hence, 
on the overlapping region Ua,ii H Ua,i2, two collapsing fibres are freely 



homotopic each other in the shell-type region A 



.X. 



Let us consider the corresponding diagrams again. 

V'il -0-1)2 TT '^^'i 



u, 



G-H 



and 



G-H 



Xi 



X 



ll 12 

We can use 2x2 matrix- valued function A{x) to construct a new 
regular map 



from {'0Q,ii, '0a,j2} as follows. Let 

Ipa = Al^iV'ij + \2A2tpi2 

where {Ai, A2} is a partition of unity for f/j^, Ui2, Ai-^{x) and Ai^{x) are 
2x2 matrix-valued functions such that 
1 
1 ^ 

' is close to the identity on [U*^ —U*J 



is close to the identity on [[/* — ?7*J 



(ii) Similarly, A. 



«2 



x 



1 



where U*^ is a perturbation of f/j^ and f/*, is a perturbation of t/jj- We 
leave the details to readers. □ 

We now discuss relations between circle actions and torus action. 
Proposition 6.5. LetUa,ii ^ U^^x^ andUa,i2 ^ U^^x^^ , where {Ua,x^, 



,X2 



Ua,xo,Wa} is a decomposition of as in 



Section 1 



Sup- 



pose that {Ua,ii, Va,ii,T^) and {Ua,i2, Va,i2, S^) have an interface Ua,ii H 
Ua,i2 7^ ^- Then, after a perturbation if need, the circle orbits are 
contained in torus orbits on the overlap. 
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Proof. Let fa,ii '■ Ua,ii — )■ M be the regular function which induces the 
chart {Ua,i^,Va,i^,T'^). Suppose that = (fa 
is the corresponding regular map. Since any component of a regular 
map must be regular, after necessary modifications, we may assume 
that /* : ?7* — )■ M is equal to /* ^^ in the modified regular map 
C = J : Ul^2 ^ on the overlap U*^.^ H U^,^. It follows 

that the modified S^-orbits are contained in the newly perturbed T^- 
orbits. Thus, the modified charts (f/:,^^ 1^,^^ T^) and {Ul^i^.Vli.^, S^) 
satisfy the Cheeger-Gromov's compatibility condition. □ 

We now conclude this sub-section by a special case of Perelman's 
collapsing theorem. 

Theorem 6.6. Suppose that {(M^,(7a)} satisfies all conditions stated 
in Theorem 0.1 Suppose that all P erelman fihrations are either (possi- 
ble singular) circle fihrations or toral fihrations. Then must admits 
a F-structure of positive rank in the sense of Cheeger-Gromov for suf- 
ficiently large a. Consequently, is a graph manifold for sufficiently 
large a. 

Proof. By our assumption and [Proposition 6.1 there is a collection of 
charts {{Ua,i,Va,i,T''^)}'^^^ such that 

(i) l<h<2- 

(ii) {Ua,i}i'=i is an open cover of M^; 

(iii) {Ua,i,Va^i,T^') satisfies condition (3.1). 
It remains to verify that our collection 

{{Ua,,V^,,T'')}t, 

satisfies the Cheeger-Gromov compatibility condition, after some mod- 
ifications. Since exceptional circle orbits with non-zero Euler number 
are isolated, we may assume that on any possible overlap 



there is no exceptional circular orbits. Applying Proposition 6.3 6.5 
when needed, we can perturb our charts so that the modified collection 
of charts {{U* j, j, T*^*)}"^^ satisfy the Cheeger-Gromov compatibility 
condition. It follows that admits an F-structure ^* of positive 
rank. Therefore, is a graph manifold for sufficiently large a. □ 

6.2. Perelman's collapsing theorem for general case. 



Our main difficulty is to handle a Perelman fibration with possible 
spherical fibers: 

Ua,,i int(Xi) 
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because the Euler number of S"^ is non-zero and S"^ does not admit any 
free circle actions. 

Proposition 6.7. Let {{M^,ga)} be a sequence of Riemannian 3- 
manifolds as in Theorem 0.1\ If there is a Perelman fibration 

-> Ua,x^ (a, b) 

with spherical fiber N"^ = S"^, then Ua,x^ must be contained in the 
interior of when has non-empty boundary dMj^ ^ 0. 



Proof. According to condition (2) of Theorem 0.1, for each boundary 
component N^j C dM^, there is a topologically trivial collar Vaj of 
length one such that Vaj is diffeomorphic to x [0, 1). Thus, we have 
Ua,j n dM^ = ' □ 

We need to make the following elementary but useful observation. 

Proposition 6.8. (1) Let A = {(xi,X2,X3) G \x\ = 1, |a;3| < |} 
be an annulus. The product space S"^ x [0, 1] has a decomposition 

(D^x[0,1])u(Ax[0,1])u(d! x[0,l]), 

where = {(xi,X2,X3) G 5^(1) | ± > 

(2) If {{M^, Qa)} satisfies conditions of Theorem 0.1. then, for suf- 
ficiently large a, has a decomposition {Uaj}Y=i such that 

(2. a) either a finite normal cover Vaj ofUaj admits a free T^' -action 
with ki = 1,2. 

(2.b) or Uaj is homeomorphic to a finite solid cylinder x [0, 1] 
with Ua,j n dMj^ = 0. 

(3) If Uaj is a finite cylinder as in (2.b), then it must be contained 
in a chain {Uaj^,--- ,Uaj^} of finite solid cylinders such that their 
union 



Kh, = U 



i=l 



is homeomorphic to a solid torus x . 

Proof. The first two assertions are trivial. It remains to verify the third 
assertion. By our construction, if Ua,j is a finite cylinder homeomorphic 
to X /, then Uaj meets V^,xi exactly in x dl. Moreover, such 
a finite solid cylinder Uaj is contained in a chain {f/aji, ■ ■ ■ , Ua,j„^} of 
solid cylinders. It is easy to see that the union W^^hj is homotopic to 
its core S^. i.e. Wa^hj is homeomorphic to a solid torus x 5*^. □ 

We are ready to complete the proof of Perelman's collapsing theorem. 
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Proof of ITheorem O.ll Using [Proposition 6.1 we can choose pa so 
that 

p,(x) < dim(M3) 

and 

paiy) < paix) < 2paiy) 

for all y G Bg^{x, ^). Therefore, it is sufficient to verify Theorem 0.1' 
instead. 

By our discussion above, for sufficiently large a, our 3-manifold 
admits a collection of (possibly singular) Perelman fibration. Thus 
has a decomposition 

Ml = K.,xo U U K.,int(x2) u 

For each chart in Va^xo U Va^mtix'^), it admits a Seifert fibration. How- 
ever, remaining charts could be homeomorphic to S'^ x /, [MP^ — D^] 
or a solid cylinder x /. It follows from Proposition 6.8[ 3) that 
has a more refined decomposition 

m 
i=l 

such that 

(i) either a finite normal cover Vaj of Uaj admits a free T'^J-action 
with kj = 1, 2; 

(ii) or Ua,j is homeomorphic to a solid torus x 5*^, which is obtained 
by a chain of solid cylinders. 

Observe that possibly exceptional circular orbits are isolated. More- 
over if {Ua,j} are of type (2.b) in Proposition 6.8, these cores {0} x 
are isolated as well. 

It remains to verify that our collection of charts {{Uaj,Vaj,T''^)} 
satisfy Cheeger-Gromov compatibility condition. By observations on 
exceptional orbits and cores of solid cylinders, we may assume that on 
possibly overlap 

Ua,n n • ■ ■ n Ua,j, ^ 

there is no exceptional orbits nor cores of solid cylinders. 

We require that V^,int(x2) meets S'^-factors as annular type A^. Thus, 
if Uaj = S^x D^, we can introduce T^-actions on dUaj = S^xS^ which 
are compatible with S^-actions on Aa- After modifying our charts 
as in proofs of Proposition 6.3 6.5[ we can obtain a new collection of 
charts {iU* j, V*j,T^^)} satisfying the Cheeger-Gromov's compatibility 
condition. Therefore, admits an F-structure of positive rank. It 
follows that Ml is a 3-dimensional graph manifold, (cf. |Rong93| ) . □ 
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